A globalization of the Hahn-Banach theorem  by Mulvey, Christopher J & Pelletier, Joan Wick
ADVANCES IN MATHEMATICS 89, l-59 (1991) 
A Globalization of the Hahn-Banach Theorem 
CHRISTOPHER J. MULVEY 
Mathematics Division, University of Sussex, Falmer, 
Brighton, BNI 9QH, United Kingdom 
AND 
JOAN WICK PELLETIER 
Department of Mathematics, York University, 
North York, Ontario, Canada, M3J IP3 
The Hahn-Banach theorem is one of many fundamental results in func- 
tional analysis whose usefulness is diminished by their proof depending 
upon an application of the Axiom of Choice. The objection raised in this 
regard is not philosophical, but purely practical. When the existence of a 
functional has been established by this non-constructive means, the 
arbitrariness introduced restricts the information which can be extracted, 
impeding the discussion of points such as whether the functional can be 
shown to exist continuously with respect to a parameter [ 1, 15, 201, or 
equivariantly with respect to a group action [2, 333. This paper is con- 
cerned with outlining, starting from ideas which are already established, a 
context and a technique which allow the effects of this dependence on the 
Axiom of Choice to be avoided, reformulating the Hahn-Banach theorem 
in a way which may be applied equally to questions of continuity and of 
equivariance, to yield the information which is traditionally intended when 
applying the Hahn-Banach theorem. 
Before introducing the constructive context in which these ideas will be 
developed, consider the situations already mentioned, in which the 
arbitrariness of the existence of a functional established by the Axiom of 
Choice presents difficulties which need to be resolved. Firstly, take that of 
continuity in a parameter, which may be stated more precisely in the 
following way: consider a bundle B of seminormed spaces on a topological 
space X, together with a continuous mapping 
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on a linear subbundle A of B, which yields a bounded linear functional on 
each tibre of the subbundle A. This expresses formally the situation in 
which a family 
of bounded linear functionals is given, defined on a family (A(x)),, x of 
linear subspaces, depending continuously on the parameter XEX. The 
question to be examined is whether the functionals may be extended to 
yield a family 
still depending continuously on the parameter x E X, in such a way that the 
norms are preserved. In terms of bundles, this asks whether there exists a 
continuous mapping 
on the bundle B, yielding a norm-preserving extension of the given 
functionals to each libre of the bundle. 
Even in the case of an explicitly given family of functionals on a family 
of subspaces, the extent to which the intervention of the Axiom of Choice 
in the Hahn-Banach theorem prevents discussion of the problem can 
quickly be seen. Although each q(x): A(x) + R admits an extension 
e(x): B(x) -+ R, all else that is known is that this extension may be chosen 
to preserve the norm of the functional. The continuity of the extensions in 
the parameter x E X cannot even be begun to be discussed, in general, on 
the basis of this information alone. The arbitrariness of the choice of the 
extension prevents the information on which such a discussion could be 
based being available. In fact, it may be shown, by remarks due to Burden 
and Mulvey [lo, 12,391, and Johnstone [26], which will be examined 
later, that the problem admits a solution for functionals defined on any 
subbundle of an arbitrary bundle exactly if the topological space X of 
parameters is extremally disconnected. Since this observation rules out 
many cases of interest, one is reduced to considering only particular situa- 
tions in which a more constructive approach may be made, perhaps by 
introducing conditions of separability on the seminormed spaces involved 
Cf3, 91. 
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For the case of equivariance, the situation is similar. Consider a semi- 
normed space B, acted on by a group G of isometries, together with a 
functional 
defined invariantly on a subspace A. Certainly there exists an extension to 
a functional 
defined on the space B, by the Hahn-Banach theorem. But the lack of 
constructivity in establishing the existence of this functional means that no 
information can be acquired on whether this extension may be chosen to 
be invariant under the action of the group G. Not unreasonably, this can 
be achieved in general if and only if the group G admits an invariant mean, 
by remarks of Banaschewski [2] which will be examined later. 
The crux of the problem in both cases is that the non-constructive nature 
of the proof of the Hahn-Banach theorem prevents any further information 
being obtained which might be applied to proving continuity or equiv- 
ariance of the extensions. Our purpose is to remove this difficulty, or rather 
to find a way around it, by making two observations: the first is that a 
geometric context may be found within which the Hahn-Banach theorem 
may be examined constructively, in a way which applies to both these 
situations, and indeed more generally to cases in which continuity and 
equivariance are simultaneously involved. The consideration of bundles on 
a topological space X is often treated advantageously in terms of sheaves 
on the space. It is known that this may be extended to the case of semi- 
normed bundles, which may be considered to be seminormed spaces in the 
category of sheaves on X. Equally, a seminormed space on which a group 
G acts isometrically may be thought of as a seminormed space in the 
category of G-sets. In each case, the Hahn-Banach theorem which is 
sought classically would state simply that any bounded linear functional on 
a subspace A of the seminormed space B has a norm-preserving extension 
to the space B, 
A-B 
provided that this is interpreted now within the context of the category of 
sheaves on X or the category of G-sets, respectively. 
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This observation, that questions of continuity and of equivariance may 
be considered by restating the Hahn-Banach theorem in the context of a 
category which includes this requirement, does not itself solve the problem 
at hand. It merely restates it in a form which indicates a possible way 
towards its solution. It may be noted that these categories are each exam- 
ples of toposes, in the sense introduced in algebraic geometry by Grothen- 
dieck [22] to resolve analogous difficulties. It is now well known that the 
structure of a topos in the sense of Lawvere and Tierney [7,25,34,48] 
provides a geometric context which allows the definition of concepts such 
as that of a seminormed space [ 12, 391, and that results of classical mathe- 
matics which are constructively provable may be carried over to the con- 
sideration of these concepts in the topos concerned [36]. It is again the 
non-constructivity of the Hahn-Banach theorem which prevents its validity 
in these contexts, except where conditions such as separability intervene to 
allow a constructive proof of the Hahn-Banach theorem to be given [8,9]. 
This constructivity cannot hope to be extended to the general case. It is not 
just that one has failed to find a constructive proof of the theorem, but that 
it is impossible to do so. The Hahn-Banach theorem may be considered to 
be itself a statement of a choice principle, just slightly weaker than the 
Axiom of Choice [43]. 
However, considering the Hahn-Banach theorem in a topos leads to a 
second observation, which does resolve this difficulty. Within this construc- 
tive context, there are already instances of theorems which classically 
depend on the Axiom of Choice, yet which can be proved constructively 
provided that each is first rephrased appropriately [3,4,23,30, 321. One 
situation which consistently recurs is that in which the Axiom of Choice is 
applied to construct the points of a topological space. It has become 
evident that, constructively, a more fundamental concept than that of a 
topological space is that of a locale, which classically generalises the lattice 
of open sets of a space, without reference to the points of the space 
[16, 17,24,31]. The extent to which replacing spaces by locales, hence 
ignoring questions of the existence of points, allows results to be proved 
constructively which classically have wildly non-constructive proofs may be 
gauged from the observation that the existence of the Stone-Tech compac- 
tilication of any topological space is logically equivalent to the Ultrafilter 
Theorem [45], another choice principle just slightly weaker than the 
Axiom of Choice itself. Yet the existence of the Stone-Tech compactifica- 
tion of any locale is constructively provable [3, 4, 301. 
The observation which makes these ideas relevant to the Hahn-Banach 
theorem is that one is not generally concerned with the existence of any 
particular extension of a linear functional. One asks only that extensions 
exist, from amongst which a particular choice might be made if a choice 
principle appropriate to the task were present. The form of the 
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Hahn-Banach theorem which most closely enshrines this view is that which 
states that the mapping 
FnB+FnA 
from the unit ball of the dual of a seminormed space B to that of a linear 
subspace A, given by restriction of linear functionals, is a quotient mapping 
in the weak* topologies on these spaces. Provided that one interprets this 
instead to be a statement about a map of locales, rather than of topological 
spaces, this yields the form of the Hahn-Banach theorem which will be 
proved here in any Grothendieck topos. In particular, it provides a result 
which applies equally to situations involving continuity in parameters and 
equivariance with respect to a group action, when considered respectively 
in the topos of sheaves on a topological space X and in the topos of G-sets 
for a group G. Of course, when applied in the topos of sets, in which the 
Axiom of Choice is taken to apply, it yields precisely the Hahn-Banach 
theorem in its classical form, allowing each point of the unit ball of 
the dual of A to be lifted to one of that of the dual of the seminormed 
space B. 
Beyond this, our aim is to show that working with locales is particularly 
straightforward, through the presence of techniques for their construction 
which allow one to work almost as though the points which exist classi- 
cally still existed in the constructive context of a topos. This is possible 
through the consideration of propositional geometric theories [4,40], 
which canonically yield generators and relations for the locales which one 
wishes to describe, whilst ensuring that one is indeed generalising construc- 
tively the topological space which one considers classically. In the present 
case, this technique is applied to obtain a description of the unit ball of the 
dual of a seminormed space B by considering the theory of linear func- 
tionals of norm < 1 on the seminormed space. A constructive version of 
Alaoglu’s theorem follows [40], giving the compactness and the complete 
regularity of this locale. The Hahn-Banach theorem itself is then obtained 
by geometric means, involving the existence of a covering topos in which 
the Axiom of Choice is again valid 16,253. It is this which essentially 
globalises the Hahn-Banach theorem from that which one has for semi- 
normed spaces classically to that which applies to the seminormed spaces 
which occur in considering questions of continuity and equivariance. 
1. SEMINORMED SPACES 
It will be assumed from this point onward that we are working inside a 
Grothendieck topos IE, chosen once and for all appropriate to the situation 
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with which we are concerned. Formally speaking, all the mathematics 
which we shall develop must be formulated within a language which can be 
interpreted in the topos lE. This language, however, is extremely close to 
that within which one normally works in mathematics [13, 14, 25, 35, 36, 
421. The only difference which is relevant to the way in which we must 
work is that the results to be established must be proved constructively 
[49,44]. In particular, this means that proofs must contain no recourse to 
the excluded middle and certainly no application of choice principles of any 
kind. Provided that this constraint is observed, one may work exactly as 
when considering sets and mappings. Indeed, the extent to which this is the 
case will be emphasized by referring to the objects of the topos as sets and 
the morphisms as mappings whenever this proves convenient. According to 
the context at hand, these will actually be sheaves on a topological space 
X, sets with an action of a group G, or whatever else is involved in defining 
the topos E. Whatever the topos concerned, the mathematics involved, 
provided that it is carried out constructively, is one and the same. The 
difference which this makes to the way in which proofs are formulated, and 
the exact way in which these constructions may then be carried over to the 
topos concerned, have been examined adequately elsewhere [36,40]. Our 
concern here will be to apply these ideas to considering the problems raised 
by linear functionals on seminormed spaces and to develop the concepts 
and techniques involved in obtaining a Hahn-Banach theorem in this 
constructive context. 
One immediate consequence of having to work constructively is that the 
definition of a seminormed space must be reformulated to take this into 
account. It becomes important that the seminorm is defined in terms of the 
open balls about zero, rather than the other way around, for reasons which 
have been explained elsewhere [12, 393. It is also necessary, although the 
advantage to be gained will emerge only later, to consider seminormed 
spaces defined over the rational numbers. These considerations lead to the 
following: 
DEFINITION. By a seminormed space B in the topos E will be meant a 
linear space B over the field of rationals in E, together with a mapping 
from the positive rationals in E to the set of subsets of B, satisfying the 
following conditions: 
(Sl) aENq)-3yfcqaENq’); 
62) $a E N(q); 
(S3) aEN A a’EN(q’)-,a+a’EN(q+q’); 
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64) aENq’)+qaEN(qq’); 
(S5) u E N(q) + -a E N(q); 
633) 0 E N(q), 
whenever a, a’ E B and q, q’ E Q: 
The interpretation of these axioms is intended to be in the manner 
already indicated. The axiomatisation of any topos allows any formula in 
this language to be interpreted constructively to yield a subset of the 
product determined by those of its variables which remain unquantified. 
Explicitly, any formula 
having free variables a,, ,.., a,, which range over A,, . . . . A,, in the topos may 
be interpreted canonically by a subset 
{(a 1, ..‘, a,,)~A,x . ..~A.~Icp(al,...,a,)) 
of the product A, x . . x A,. Of course, the term subset is used here to 
describe a subobject in the topos. Thus, in the case of sheaves, one is 
actually talking about subsheaves, while for G-sets one is considering 
subsets which are invariant under the action of G. The precise way in this 
interpretation is carried out may be found elsewhere [ 12, 14,25, 361. 
It may be remarked also that any object A of the topos admits a power 
object LP, to which the term the set of subsets of A will be applied. Any 
Grothendieck topos IE, more generally, any topos with a natural number 
object [7,25, 361, admits an object QiE of rationals, from which the subset 
Q$ of positive rationals may be obtained by interpreting the requisite 
formula describing positivity. It is in this sense that a seminormed space is 
required to have a mapping 
which assigns to each positive rational q the open ball around zero of 
radius q. The conditions which these subsets are required to satisfy just 
describe a seminormed space in terms of the open balls instead of the semi- 
norm [ 121. In particular, it may be remarked that a seminorm does not 
exist on B in the conventional sense: the formula 
Ilull =inf{qEQ+ 1 aEN( 
does not describe a real number in the topos, in general, because the real 
numbers are not constructively complete with respect to their partial order- 
ing [ 12,471. 
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The real numbers to which this refers are the Dedekind reals IR, of the 
topos E, constructed from the rational numbers Q, of [E by considering the 
subset of QoE x QoE consisting of all pairs x = (z, i) satisfying the following 
conditions: 
(W 3pEQE~~~ and &,qE-C 
(D2) p~~t,3~.,~p’~~ and qe,f++ct3ys<yq’E.f; 
(D3) p~z A qei+p<qq; 
(D4) p<q+pET v qEi2, 
whenever p, q E Q,. The real numbers thus described inherit from the 
rational numbers, in the usual way, the operations which make R, a linear 
space over Q,. Moreover, the reals are a seminormed space with respect to 
the,open balls which may be defined in terms of the absolute value which 
exists on R, by writing 
N,(q) = {-= R, I I4 < 4) 
for each 4eC.l:. In fact, the seminormed space R, is complete, hence a 
Banach space in the topos [39]. However, there exist bounded inhabited 
subsets of IL!, which fail to have a least upper or greatest lower bound, 
unless the topos satisfies additional conditions. It may be remarked that in 
the topos of sheaves on a topological space X, the sheaf obtained is exactly 
the sheaf R, of continuous real functions on X, which is complete 
with respect to its partial ordering precisely if the space X is extremally 
disconnected. In the case of the topos of G-sets, one obtains simply the real 
numbers with the trivial action of the group G, which happens always to 
be complete with respect to its partial ordering. 
DEFINITION. By a linear functional of norm < 1 on a seminormed space 
B in the topos E will be meant a linear map 
to the seminormed space R, of real numbers, satisfying the condition: 
v v aeB qE Q+ (a E N(q) + da) E N,(q)). 
It is with respect to this definition of a linear functional that the 
Hahn-Banach theorem fails to hold in its naive formulation. To see this, 
and to emphasize the extent to which this failure demands resolution in a 
fairly radical way, we divert momentarily to consider the relation between 
the seminormed spaces in a topos and the problems indicated in the 
introduction: 
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DEFINITION. By a seminormed bundle A on a topological space X will be 
meant a continuous mapping 
p:A+X 
of which the tibre 
4.x)= P-‘({x)) 
at each XE X is a seminormed space, in such a way that the following 
conditions are satisfied: 
(a) the operations of addition, negation, zero, and scalar multiplica- 
tion are continuous over X; 
(b) for each x E X and each CI E A(x), there exists a section a, defined 
over some open neighbourhood U of x E X, for which a(x) = a; and 
(c) the subsets 
U(U,E)= {Ada I XE Uand Ila(x)-all <E}, 
for each E > 0, each open subset U c X, and each section a over U, form a 
base of open sets for the topology of A. 
EXAMPLE. Consider the trivial bundle 
p:XxR+X 
given by the canonical projection from the product space. This yields a 
seminormed bundle on X, of which the tibre at each x E X is the semi- 
normed space R. 
DEFINITION. By a linear functional of norm d 1 on a seminormed 
bundle A over X will be meant a map of bundles 
over X which induces a linear functional of norm < 1 on each fibre. 
For any seminormed bundle A on X, one may consider the seminormed 
space A” in the topos of sheaves on X, obtained by taking the sheaf of 
sections of the bundle, together with the seminorm given by defining the 
open ball 
N(q) 
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over any open subset UE X to be the subsheaf consisting of all sections 
over any open subset U’ L U whose norm at each x E U’ is less than the 
positive rational q. Then, any linear functional 
AA-XXR 
\ 
/ 
J 
x 
of norm < 1 on the seminormed bundle A determines, and is determined 
by, a unique linear functional 
of norm < 1 on the seminormed space 2 in the topos of sheaves on X. Any 
problem concerning linear functionals on seminormed bundles may there- 
fore be examined [ 12,393 within the context of the topos of sheaves on X. 
The situation is similar, although more straightforward, in the case of 
seminormed spaces with an action by a group of isometries. Once again, 
for any seminormed space A acted on by a group G of isometries of A, one 
may consider the seminormed space A” in the topos of G-sets, obtained by 
taking the action of G on the seminormed space A, together with the semi- 
norm given by defining 
to be the subset of all elements of A of norm <q, which is invariant under 
the isometries of the group G. Then, any linear functional 
of norm 6 1 which is invariant under the isometries of the group G deter- 
mines, and is determined by, a unique linear functional 
of norm < 1 on the seminormed space 2 in the topos of G-sets. Again, 
consideration of linear functionals which are invariant under a group of 
isometries may be examined in the context of the topos of G-sets. 
The Hahn-Banach theorem can now be seen to fail in each of these 
situations. Firstly, we consider that of a seminormed bundle on a topologi- 
cal space: 
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EXAMPLE. Consider the seminormed bundle B over the unit circle S’ 
given by the product space 
together with the canonical projection. 
Suppose that S’ is parametrized by 0 Q x < 27~ in the usual way, and 
consider the linear subbundle A of B defined by 
A(x) = ;A;) 
for 0 < x < 2n, 
for x=0. 
Define the linear functional 
by requiring 
q(x): A(x) + R 
to be multiplication by sin(x/4) for each x E S ‘. Then there exists no linear 
functional 
IL B-S’xR 
\J 
S’ 
which extends this functional. 
The situation is the same in the case of a seminormed space, together 
with a group of isometries: 
EXAMPLE. Consider, for any group G, the seminormed space W*(G) of 
bounded real functions on G, together with the action of the group G 
defined by 
W)(h) =f(k) 
for each h E G, f~ R*(G), and g E G. The seminorm is that obtained by 
taking the supremum of the absolute value of the function. Taking the 
embedding 
12 MULVEY AND PELLETIER 
which assigns to each real number the constant function which corresponds 
to it, one obtains a subspace of R*(G). Consider now the linear functional 
on this subspace given by the identity mapping into R with the trivial 
action by the group G. Then any extension 
R - R*(G) 
I 
/’ 
/‘PG / 
d 
of this functional is a right invariant mean for the group G [a]. The 
Hahn-Banach theorem for seminormed spaces in the category of G-sets 
therefore implies the existence of a right invariant mean for the group G. 
Conversely, a right invariant mean for the group G allows the proof of a 
Hahn-Banach theorem for seminormed spaces in the category of G-sets by 
choosing, for any linear functional defined on a subspace, an extension 
in the category of seminormed spaces, taking no account of the action of 
the group G. Then, define a linear mapping 
Bz R*(G), 
now invariant once again, by assigning to each b E B the bounded real 
function defined by 
+,(b)(h) = Wb) 
for each h E G. Then composition with the right invariant mean 
R*(G) rcR 
may be seen to provide an equivariant extension of the linear functional. 
Consequently, the Hahn-Banach theorem holds for seminormed spaces in 
the category of G-sets exactly if G has a right invariant mean. In particular, 
the group Z, * Z, is known not to admit a right invariant mean [2]. The 
Hahn-Banach theorem therefore is not satisfied in the category of semi- 
normed spaces in the category of 7, * Z-,-sets. 
It will have been evident in considering these instances in which the 
Hahn-Banach theorem fails that the difficulties which arise need have little 
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outwardly to do with the choice of an extending functional. Rather, the evi- 
dent choice of an extension fails to satisfy the condition which makes it a 
functional in the sense required in the context concerned. In one case it 
failed to be continuous over the space involved, while in the other it was 
not equivariant with respect to the action present. The problem then lies in 
the existence of functionals on the seminormed space rather than in the 
choice of a particular extension. 
Indeed, the extent to which the existence of functionals is constrained by 
these requirements may be seen from the observation that there exist semi- 
normed spaces on which only the zero functional is defined, yet which are 
themselves non-trivial. An instance of this is given by the following: 
EXAMPLE. Consider once again the seminormed bundle B over S’, of 
which the fibre at each 0 <x < 2n is Iw, together with the subspace A, of 
which the fibre at each 0 < x < 271 is II& while at x = 0 it is the zero subspace. 
Then the quotient space B/A has tibre R at x= 0 and elsewhere is zero. 
Remark that the sections of this seminormed space are zero everywhere 
except possibly at x=0, at which the absolute value determines the semi- 
norm. It is evident from continuity that any functional on B/A is 
necessarily zero. Taking the direct sum of the seminormed space defined 
analogously for each 0 d x < 2n, one obtains a seminormed space which is 
non-trivial at each XE S1, yet on which only the zero functional is defined. 
The situation described is, in fact, almost characteristic of that in which 
the Hahn-Banach theorem fails to hold. as will be seen later. 
2. LINEAR *FUNCTIONALS 
Although it has already been shown that the Hahn-Banach theorem is 
not constructively provable, at least when stated classically, since it fails to 
be valid in general in the category of sheaves on a topological space X or 
the category of G-sets for a group G, the possibility remains that careful 
analysis of its proof may give some indication of ways in which it could be 
adapted to these constructive contexts. Within conventional constructive 
mathematics, this kind of approach has led to modifications involving con- 
ditions of separability on the seminormed space considered, or of accepting 
a statement of the theorem which involves only approximation to the 
extending functional [8,9]. However, another approach, leading to a 
Hahn-Banach theorem which relates closely to that obtained classically, 
may be taken by examining carefully the requirements of the conventional 
argument, both with regard to its application of the Axiom of Choice and 
with regard to the properties required of the field of scalars involved. 
Considering the question in this way led Burden [ 10, 1 l] to establish a 
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Hahn-Banach theorem which could be proved in any category of sheaves 
on a topological space, or more generally on a locale, in the sense to be 
considered later, apparently dealing therefore with the problem of extend- 
ing the Hahn-Banach theorem to contexts involving continuity in 
parameters in a reasonably satisfactory manner. It is this approach which 
will now be examined, together with the conclusions which may be drawn 
from the theorem established and the indications that this still falls short 
of resolving completely the questions originally considered, even in the 
category of sheaves on a topological space. 
In examining the question of extending the proof of the Hahn-Banach 
theorem to apply to a seminormed space in the category of sheaves on a 
topological space X, it was observed that the absence of the Axiom of 
Choice in the topos presented no obstruction to choosing a maximal exten- 
sional of a given functional, since this could be carried out externally by 
considering the partially ordered set of extensions of the functional, which 
is externally inductive. Applying Zorn’s Lemma in the category of sets then 
allows an extension to be chosen satisfying the condition of external maxi- 
mality. From this point onwards, the consideration becomes one of show- 
ing that this external maximality can nevertheless be coupled to a form of 
the classical proof which is made more constructive in a relatively minor, 
but fairly critical, way. 
The modification which is needed involves, on the one hand, relating the 
external maximality of the extension to a more internal property, and, on 
the other hand, an aspect which concerns showing that this maximality is 
contradicted unless the extension has been to the seminormed space itself, 
by establishing that the functional can be extended to any element which 
lies outside the existing subspace on which it has been defined. The first 
consideration demands that the theorem be stated only in the category of 
sheaves on a topological space, or, more generally, on a locale, while the 
second leads to the observation that the functional is extended to the 
element concerned by choosing a scalar which lies between a certain 
supremum and a certain inlimum. It is at this point that the conventional 
formulation of the Hahn-Banach theorem may be seen to be inappropriate 
to the context of a category of sheaves, for the reason that the supremum 
and inlimum concerned cannot be shown to exist, because the Dedekind 
reals in a topos are not generally order-complete [ 12,471. 
However, the Dedekind reals R, in any topos E admit an order comple- 
tion [26,47-J, the MacNeille reals, *R,, constructed explicitly from the 
rationals Q, by considering the subset of QdE x QQE consisting of all points 
x = (5, a) satisfying the following conditions: 
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It may be seen by comparing these axioms with the corresponding condi- 
tions for the Dedekind reals R, that the requirement that the lower and 
upper cuts be arbitrarily close together has been replaced by one of each 
consisting of all open bounds of the other. It is, of course, this which yields 
the order completeness of the MacNeille reals, rather than the seminorm 
completeness of the Dedekind reals, in the sense that any non-empty subset 
of the MacNeille reals which is bounded above will have a supremum, and 
dually for infima of subsets which are bounded below. An important 
property enjoyed by the MacNeille reals, but not by the Dedekind reals, as 
a consequence is that, for all x, x’ E *[WE, one has that 
X<X'Ol(X'<X), 
in which the order relation < is that determined by containment of cuts. 
In turn, this implies that 
11(x=x')+x=x', 
in addition to its tautological converse. It may be seen that any Dedekind 
real is again a MacNeille real, and that the embedding 
52, -+ *Iw, 
which results is the order completion of the Dedekind reals in the topos IE. 
The observation made by Burden is then that, provided that one con- 
siders functionals from the seminormed space B into the MacNeille reals, 
in the category of sheaves on the topological space X, which will be called 
simply linear *functionals on the seminormed space B, the Hahn-Banach 
theorem may be proved [ 1 l] in the following form: 
THEOREM 1. If A is a subspace of the seminormed space B in the 
category of sheaves on a topological space X, then any linear *functional 
cp:A-+*lR, 
may be extended to a linear *functional 
on the seminormed space B having identical norm. 
It may be remarked immediately that the theorem obtained has no 
chance of being extended to an arbitrary Grothendieck topos, since, in the 
case of G-sets; for example, it is always the case that the Dedekind reals are 
order-complete, whereas it is known already that the Hahn-Banach 
theorem fails in general in that naive formulation. 
The proof obtained by Burden follows closely the conventional proof, 
607/89/1-Z 
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A maximal extension $ defined on a subspace M containing A is chosen by 
an application of Zorn’s Lemma externally in the category of sets, over 
which the category of sheaves on X is defined, by considering the partially 
ordered set of extensions of the *functional cp having identical norm. The 
crux of the proof then lies in showing that the domain M of this maximal 
extension is equal to the seminormed space 8. In view of the properties 
already mentioned of *RX, this conveniently reduces to showing that 
This is valid constructively provided that it can be shown that 
which means in the case of the category of sheaves on X that there is no 
non-empty open subset U E X over which 3,, B 1 a E M is validated. As in 
the case of the classical proof, the latter statement is verified by arriving at 
a contradiction to the maximality of the extension I), obtained by assuming 
that there is indeed a non-empty open subset U, together with a,, E B( U,) 
for which 1 a,, E M is validated over U,,. The existence of an extension of 
the *functional $ to the subspace generated by the subspace M together 
with the element a, E B( U,) is obtained by the classical argument involving 
the existence of the suprema and i&ma of bounded non-empty subsets of 
the MacNeille reals, a property which the construction of *RX has taken 
care to ensure. The contradiction which results then establishes that the 
maximal extension $ chosen is necessarily defined on the seminormed 
space B. It may also be noted that the theorem carries over to the complex 
case [ll], in which CX is canonically isomorphic to R,x R,, with *CX 
therefore defined analogously to be *R,x *RX, the proof being an exten- 
sion of that obtained in the classical context. 
Although it has been remarked that the Hahn-Banach theorem stated in 
this form cannot be extended to an arbitrary Grothendieck topos, it may 
be observed that, in the context of the category of sheaves on a topological 
space X, or indeed on any locale, the theorem established is the best that 
can be expected, in the following sense: 
COROLLARY. In the category of sheaves on X, the canonical embedding 
Iw x+ *Rx 
is the injective envelope of R, in the category of seminormed spaces. 
Indeed it may be shown that in any topos the above embedding is an 
essential extension in the sense that a map 
cp: *Rx+ B 
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of seminormed spaces is isometric exactly if it is isometric on the subspace 
R,. To see this, note firstly that the seminorm on *RX satisfies the condi- 
tion that 
whenever q’ < q. This property of a seminormed space is described by say- 
ing that *Rx is *seminormed, for reasons which are discussed elsewhere 
[12]. It may further be remarked that each bE *Rx may be *approximated 
by elements a E R,, in the sense that for any r E Qs, 
113 aERxa-bEW). 
Now, supposing that the map of seminormed spaces 
is isometric on the subspace R,, one has that for any q E Q$ for which 
cp(b) E N(q), there exists q’ E 0: with cp(b) .sN(q’). Now choose r E 0: 
with q’ c q’ + r < q. Then for any a E R, for which a-b E N(r/2), one has 
that q(a) - cp(b) ~N(r/2), hence that cp(a)~N(q’+ r/2). But since cp is 
isometric on the subspace R,, one may conclude that a~N(q’+ r/2), and 
hence that bEN(q’+ r). Thus, 
3 ..,,a-b~N(r/2)~b~N(q’+r), 
whence 
113 ..R,a-bEN(r/2)+ llbEN(q’+r). 
But, since b E *RX may be *approximated by elements a E R,, the premise 
of this implication is valid, and, since *RX is *seminormed, the conclusion 
entails that 
The map of seminormed spaces is isometric, hence the extension R, + *RX 
is essential. 
However, by the Hahn-Banach theorem above, the seminormed space 
*RX is injective in the category of seminormed spaces in the category of 
sheaves on X. The extension 
R x’ *Rx 
is therefore the injective envelope of R,. 
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The conclusion we then reach is that if one is to have a Hahn-Banach 
theorem stated in terms of the extendability of functionals, then the func- 
tionals must be valued in the space *RX. It is straightforward [12] to 
verify that the MacNeille reals *RX in the category of sheaves on the 
topological space X are given by pairs f = (f, p) consisting of a lower semi- 
continuous real function f and an upper “semicontinuous real function p 
satisfying the condition that f is the greatest lower semicontinuous function 
less than j: and 3 the least upper semicontinuous function greater than f: 
Interestingly, it may also be shown that the MacNeille reals are the direct 
image along the Gleason covering 
of the topological space X of the Dedekind reals on the extremally discon- 
nected topological space yX, an observation to which we shall return later. 
The extent to which consideration of linear *functionals avoids the 
difficulties involved in extending functionals may be seen by considering 
again the following: 
EXAMPLE. Consider again the seminormed bundle B over the unit circle 
S’, given by taking the product space 
p:s’xR-+s’ 
together with the canonical projection. In the notation described earlier, 
the linear functional 
A’PSIXR 
\J 
S’ 
on the subbundle A obtained by taking only the zero subspace at the 
basepoint of S’ has no extension to the seminormed bundle B. However, 
an extension may be defined into the MacNeille bundle over S’ by taking 
the linear *functional obtained by multiplying by the MacNeille real given 
by sin(x/4) for 0 < x < 27~ in S ‘, but which at x = 0 has value 0 for its lower 
semicontinuous function and value 1 for its upper semicontinuous function. 
It is easily verified that this yields the required extension to the bundle B. 
It will already be seen that, at least in an example of this simplicity, the 
theorem avoids the difficulty of extensions not being continuous over the 
space X straightforwardly by changing the extent to which a functional is 
required to be continuous over X. However, there are more complicated 
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situations in which extension itself is meaningful. Moreover, it will be 
shown later that, in the case that the topological space X is extremally 
disconnected, one has the Hahn-Banach theorem in its naive form, that 
any linear functional 
A-B 
on a subspace extends to the space while preserving the norm, owing to the 
fact that the Dedekind and the MacNeille reals coincide in this case, to 
which we shall return later, showing that this observation characterises 
extremally disconnected spaces. 
However, the theorem has a more serious shortcoming than merely that 
the concept of continuity involved may be unacceptable. The difficulty may 
be seen in the situation which follows: 
EXAMPLE. We consider the category Sh X of sheaves on the topological 
space X, where X is the Sierpinski space of two points with one open 
singleton. It is well known that in this case, Sh X is isomorphic to the 
category Set’ of mappings of sets. Under this isomorphism, the semi- 
normed spaces become triples B = (B,, B,, f), where B1 and B2 are 
seminormed spaces in the category of sets and f: B, + B, is a norm- 
decreasing linear map. Since X is extremally disconnected, the notions 
of *functional and functional coincide in Sh X. Thus, one may see that 
R, = *RX = (R, R, 1) and that the *dual space of any triple (B, , B,, f) is 
(B:, BT, l), which is 0 whenever B, = 0. Therefore, there are in this topos 
non-zero seminormed spaces having only the zero functional defined on 
them. 
One of the consequences of having a Hahn-Banach theorem is that it 
gives information about a seminormed space, through embedding it 
isometrically in spaces constructed from its dual space: an instance is that 
of the canonical embedding 
B -+ R( Fn B) 
of any normed space in the space of continuous real functions on the unit 
ball Fn B of its dual space B *. Another is that of the canonical embedding 
B+ B** 
of a seminormed space B in its double dual space B**. Evidently, each of 
these embeddings will fail to exist if the concept of functional is such that 
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the dual space may be zero, even though the seminormed space itself is 
non-zero. With the concept of functional, or even of *functional, already 
considered, this may be the case, as indicated by the example given above. 
Once again, the problem is more extensive than may be apparent. It may 
be seen straightforwardly that the quotient space 
has only the zero *functional, yet is zero only when the subspace coincides 
with the space, which is to say when X is extremally disconnected. Hence, 
this difficulty will occur intrinsically for any topological space which is not 
extremally disconnected, while one has just seen that it can occur also for 
the Sierpinski space, which is extremally disconnected. 
This difficulty was analyzed further by Burden, who was able to charac- 
terise it in terms of the definition of seminormed space with which one was 
concerned. The notion of a *seminormed space B, which has already been 
defined with respect to *RX, requires the existence of a seminorm N satisfy- 
ing 
aEN(r)c*3,<,7laEN(s). 
It may be shown that the above condition is equivalent to the existence of 
a seminorm function 
*II (I: B+ *Rx 
into the MacNeille reals, obtained by setting 
*Jlall =inf{qEQ$ 1 aEN( 
for each a E B. 
Now for any seminormed space B, one may consider the *dual space *B 
consisting of all *functionals, together with the seminorm defined by 
cp E NV?(r) ++ jqcr VaeLi v,, l Rx (a E NBb+) + 4e) E N*,,bP)). 
This seminorm is already a *seminorm. Furthermore, there is a canonical 
mapping 
B+ **B 
into the double *dual, given by evaluation, concerning which one has: 
COROLLARY. In the category of sheaves on a topological space X, the 
canonical mapping 
B+ **B 
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of a seminormed space into its double *dual is isometric if and only zy B is 
*seminormed. 
The proof follows that which applies classically merely observing that it 
only yields that the mapping is isometric when B is *seminormed. The 
difficulty which exists in the case of spaces whose *dual space is zero lies 
precisely in the existence of elements for which 
*lla1[ =inf(aEQX+ ( aEN( 
is zero, yet which do not satisfy the condition 
v qEQ;amd 
of lying in the kernel of the seminorm on the space. 
3. LOCALES 
The difficulties which remain in considering *functionals on a semi- 
normed space leave the impression that, despite the Hahn-Banach theorem 
proved in this context, there does not generally exist an adequate supply of 
*functionals on a seminormed space in a category of sheaves. In the case 
of seminormed spaces in an arbitrary Grothendieck topos, not even the 
Hahn-Banach theorem for *functionals necessarily holds. Another way of 
expressing this deficiency is to admit that while one has constructed a dual 
space, it does not in general have enough points to reflect the properties of 
the seminormed space from which it derives. 
This situation is one which is recognized frequently in dealing with 
topological questions in a topos. To resolve the difficulties, one has to shift 
attention from the points of the spaces to its open sets, defining first the Iat- 
tice of open sets abstractly and examining separately the question of 
whether there are points to be topologised [31]. The concept which this 
introduces is that of a locale, to which we now turn, outlining the ideas of 
the theory as well as describing a particularly convenient way of construct- 
ing the locales in which we shall be interested. Although the discussion will 
appear to be carried out in the context of the category of sets, the 
arguments involved are constructive, except where explicitly noted, so may 
be interpreted equally well in an arbitrary topos [32]. It is this aspect of 
the theory which will later be needed. 
DEFINITION. By a locale L will be meant a lattice having finite meets A 
and arbitrary joins V which satisfy the condition that 
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for each a EL and each subset {h, 1 ig I} of L. By a map of locales 
cp: L + M will be meant a mapping 
called the inverse image mapping, which preserves finite meets and 
arbitrary joins. 
To any topological space X one may assign the locale Open(X) of open 
subsets of X, and to any continuous mapping f: X-+ Y the map 
Open(f): Open(X) + Open(Y) 
of locales, of which the inverse image mapping is that given by taking 
inverse images of open subsets alongf: In this way, one obtains a functor 
Open: Topological Spaces + Locales 
from the category of topological spaces to the category of locales. This 
functor admits a right adjoint which assigns to any locale L the topological 
space Points(L) obtained in the following way: 
DEFINITION. By a point of a locale L is meant a map of locales 
x:Q +L 
to L from the locale II of open subsets of the singleton space. 
The topological space Points(L) is then the set of points of L, together 
with the topology obtained by taking the subset 
D(a) = (.x E Points(L) 1 x*(a) = 11 
to be open for each a EL. The assignment is evidently functorial: any map 
of locales cp: L + M induces a continuous mapping 
Points(q): Points(L) + Points(M) 
by composition. 
Although the category of locales has been introduced in a way which 
emphasises its relationship with the category of topological spaces, there 
are occasions when it is convenient to consider instead its lattice theoretical 
aspects. The category of locales is then considered to be the dual of the 
category of lattices with finite meets and arbitrary joins satisfying the 
required distributivity condition, together with homomorphisms which 
THE HAHN-BANACH THEOREM 23 
preserve finite meets and arbitrary joins. In this sense, a point of the locale 
L is exactly an A V-homomorphism 
x: L-+Q 
into the lattice Sz of subsets of the singleton set 1. By considering the 
inverse image of the identity element of the lattice Sz under this mapping, 
it may be seen that the points of L correspond bijectively to the filters on 
the lattice L which are completely prime. A proper filter P on the lattice L 
is said to be completely prime provided that V A E P implies that there 
exists a E A for which a E P, for any subset A of the lattice L. For instance, 
in the case of the locale of open sets of a topological space X, the com- 
pletely prime filters are the neighbourhood filters of the points of X. 
Although the functor 
Open: Topological Spaces + Locales 
is only an embedding on those topological spaces for which the points may 
be recovered from the lattice of open sets, the concept of locale will be 
regarded intuitively as a generalisation of that of a topological space. There 
are, of course, locales L which are not topological in the sense that L is 
not isomorphic to the locale of open subsets of any topological space. 
More precisely, a locale L will be said to be spatial provided that the 
coadjunction 
Open( Points(L)) -+ L 
is an isomorphism of locales. An extensive class of examples of locales 
which are not spatial may be found amongst the complete Boolean 
algebras: a complete Boolean algebra is spatial exactly if it is atomic. 
However, analysing what it means for the above coadjunction to be an 
isomorphism one sees that a locale L is spatial exactly if its completely 
prime filters separate the elements of L in the sense that a = b if and only 
if D(a) = D(b), for any a, b E L. This condition will also be expressed by 
saying that the locale has enough points. At the other extreme any complete 
Boolean algebra which is atomless is a locale which has no points 
whatsoever. 
For a topological space to be localic, that is, isomorphic to the space of 
points of a locale, it is necessary and suficient that the adjunction 
X+ Points(Open(X)), 
defined by assigning to each x E X the point of Open(X) determined by its 
neighbourhood filter, be an isomorphism. This is equivalent to requiring 
the topological space X to be sober, that is, that any closed irreducible sub- 
24 MULVEY AND PELLETIER 
set cf X be the closure of a unique point of X. Provided that one considers 
only those topological spaces which are sober, the functor 
Open: Topological Spaces -+ Locales 
restricts to an embedding of the category of sober spaces into the category 
of locales. It is in this sense that the concept of locale will be considered 
an extension of that of a topological space, since usually the consideration 
of sober spaces will be sufficient for our purposes. More generally, the 
adjunction 
X --) Points( Open(X)) 
considered above provides the soherification of any topological space. It 
may be remarked in passing that while sober spaces are all r,, and any T, 
space is necessarily sober, a sober space may or may not be T,. 
Aside from the construction of a locale from a topological space by tak- 
ing the lattice of open subsets, we shall require a way of constructing 
locales without any consideration of whether points exists. Although the 
locales with which we shall be concerned, of which the dual locale of a 
seminormed space will be our particular interest, may classically be 
obtained by considering firstly their points, this approach is not available 
in the constructive context of a topos in which we shall be required to 
work. Instead, we apply a method, which we now describe, of obtaining a 
locale from a propositional theory which describes constructively the 
nature of its points, without actually supposing that it has any. This allows 
one to operate constructively while retaining those intuitive ideas which 
relate to the topological space considered classically [40]. The prime spec- 
trum of a commutative ring and the maximal spectrum of a commutative 
C*-algebra are other instances of the technique concerned [4,5,37, 381. 
Consider a propositional geometric theory T, by which will be meant a set 
whose members will be called primitive propositions, together with a set of 
axioms, each of the form 
in which the (pi and Icli, denote primitive propositions and in which the 
symbols A and V are to be interpreted to mean conjunction and disjunc- 
tion, and the symbol k to mean logical entailment. 
Given such a theory U, one may construct a locale, called the Linden- 
l.aur I algebra of the theory, by considering the propositions which may be 
forn ed by taking arbitrary disjunctions of finite conjunctions of primitive 
propositions, modulo the equivalence relation of provable equivalence in 
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the theory, together with the partial ordering given by provable entailment 
in the theory. This locale, which will be denoted simply by T, will be called 
the locale of the theory U. 
That this construction actually yields a locale arises from the following 
observations. Firstly, that the locale has finite meets and arbitrary joins 
comes from the operations of finite conjunction and arbitrary disjunction 
in the theory. The identity and zero elements of the locale correspond to 
the logical constants true and false. That these satisfy the axioms for a 
locale is because the concept of provable entailment in the theory is taken 
to arise from deducibility in what is formally the intuitionisfic propositional 
calculus, in which finite conjunction and arbitrary disjunction behave in the 
way that one would expect [44], subject to the one rule of deduction that 
is modus ponenx In particular, finite conjunctions provably distribute over 
arbitrary disjunctions. 
Observing that the locale Q in which the A V-homomorphism from a 
locale which defines a point takes values may also be considered to have 
identity element true and zero element false, one sees that the points of the 
locale of the theory U evidently correspond exactly to the models of the 
theory U. Such an A V-homomorphism precisely assigns to each primitive 
proposition of the theory a truth value, in such a way that the axioms of 
the theory are realised in the model. The locale of the theory may therefore 
be considered to be the constructive version of the space of models of the 
theory. In this way, the question of the spatiality of the locale of the theory 
is tied logically to the question of the completeness of the theory [IS]: the 
existence of enough points to separate open subsets is equivalent to that of 
enough models to distinguish primitive propositions. 
More generally, any A V-homomorphism from the locale of the theory 
T into a locale L may be considered to be a model of the theory in that 
locale. The maps of locales from L to the locale of the theory U are there- 
fore obtained by considering assignments to each primitive proposition of 
T of an element of the locale L, in such a way that the axioms of T are 
realised in the locale L, which will provide an important technique later for 
the construction of maps of locales. Of course, it will be noticed that we are 
doing no more and no less than observing in logical notation that we have 
constructed the locale obtained by taking the primitive propositions to be 
generators and the axioms of the theory to be relations, albeit that this 
takes place in the dual category of A V-lattices and A V-homomorphisms. 
In particular since this procedure may be carried out constructively, it has 
meaning in any Grothendieck topos. This internalisation of the construc- 
tion evidently requires that the concept of the presentation of a locale, or 
equivalently of a propositional geometric theory, also be internalised. In 
particular, the set of primitive propositions and the set of axioms of the 
theory are then to be taken as objects in the topos concerned, 
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To conclude this section we show how the locale Iw, of reals may be 
described by means of a propositional geometric theory in the topos E. The 
primitive propositions which generate the propositional geometric theory 
R, are those given by 
for each pair r, s of rationals, together with the following axioms which 
express that the symbol x is to denote a real number lying in the open 
interval (r, s): 
(Rl) XE(T,S) k-u& whenever r>s; 
(R2) XE (r, S) A XE (r’, s’) EXE (r v Y’, s A s’); 
(R3) x E (Y, s) l--x E (r, s’) v x E (r’, s) whenever r < r’ < s’ <s; 
(R4) XE(~,S) H Vr<r~<s~~s~~(~‘,~‘); 
(R5) we kV,,,x~(r,~). 
The locale Iw, of reals is then the locale of the theory [w , . It may be seen 
that taking a model of the theory is equivalent to assigning to each rational 
r and to each rational s a truth value for the proposition that 
r<x 
and the proposition that 
x < s. 
The axioms then exactly express that one obtains a Dedekind cut on the 
rationals in the topos IE. In particular, the space of points of the theory will 
be exactly the Dedekind reals in the topos, given the topology induced by 
rational open intervals. However, it must be pointed out that the locale [w, 
of reals is not generally equal to that of open subsets of the space R, of 
Dedekind reals, because the theory Iw, is not constructively complete in a 
topos. In fact, Fourman and Grayson [18] have shown that the spatiality 
of Iw, is equivalent in a topos IE to the requirement that the closed unit 
interval of the space Iw, be compact. 
4. THE DUAL LOCALE 
In the spirit of the last section we now proceed to construct the dual 
locale of a seminormed space B in a topos E by taking the theory of linear 
functionals on B of norm not exceeding one. 
We shall see immediately the constructive advantages of this modus 
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operandi, since it allows us to combine our knowledge of the classical 
behaviour of the space of linear functionals with our intuition concerning 
how a linear functional of norm not exceeding one may be described 
geometrically. Our task then is to describe the weak* topology of the unit 
ball of the dual of a seminormed space B geometrically in terms of a 
propositional theory, using only finite conjunctions and arbitrary disjunc- 
tions, in such a way that the linear functionals on B may be shown 
constructively to be the models of the theory. 
DEFINITION. By the theory of linear jiunctionals of norm not exceeding 
one on a seminormed space B in a topos IE is meant the propositional 
geometric theory [Fn B obtained by taking a primitive proposition 
for each (I E B and each pair r, s of rationals in the topos IE, together with 
the following axioms: 
WI true EO E (r, s) whenever r < 0 < s; 
WI 0 E (r, S) k false otherwise; 
(F3) a E (r, s) k -a E (--s, -r); 
(F4) a E (r, S) k ta E (tr, ts) whenever t > 0; 
(F5) a E (r, s) h a’ E (r’, s’) k a + a’ E (r + r’, s + s’); 
W) a E (r, S) /-- a E (r, s’) v a E (r’, s) whenever r < r’ < s’ < s; 
(F7) true t-a~(-1, 1) whenever aEN(1); 
(F8) aE Cry 3) H V,crr<ss<s a~ b’, 0. 
By the dual locale Fn B of the seminormed space B will then be meant the 
locale of the theory ffn B of linear functionals on B of norm not exceeding 
one. 
REMARK. Although a proposition 
a E (r, s) 
has been introduced for each a E B and for all rationals r, s E Q E, it may be 
observed immediately that 
a E (r, s) + false whenever r > s. 
First, aE (r, S) entails -a E (--s-r), by applying (F3). In turn, these 
together imply that 0 E (r-s, s - r), by considering (F5). However, this is 
provably false, by (F2), in the case that r > S, establishing the required 
entailment. 
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This remark is in line with the observation that, intuitively, the theory 
should be considered to concern assertions about a linear functional 
of norm not exceeding one, in which the primitive proposition 
a E (r, s) 
should be thought to correspond to the statement that 
r<cp(a)<s. 
The axioms then describe the conditions which must be satisfied for this to 
yield a linear functional of norm not exceeding one on the seminormed 
space whenever one takes a model of this theory. 
Explicitly, the correspondence between the models @ of the theory [Fn B 
and the linear functionals cp: B + R, of norm not exceeding one is given by 
the relationship 
@I= aE(r,s) if and only if r < cp( a) < s 
for each a E B and each pair r, s of rationals in the topos IE. The fact that 
each linear functional 
of norm not exceeding one on the seminormed space B gives a model of the 
theory by making the primitive proposition a E (r, S) true to the extent that 
r < p(u) < s is easily seen to follow from the observation that axioms 
(Fl )-(F5) are a direct consequence of the linearity of cp, that (F7) holds 
since cp is norm-decreasing, and that (F6) and (F8) are valid since values 
of q are Dedekind reals. 
Arguing now in the other direction, we obtain the following: 
THEOREM 2. For any seminormed space B in a topos IE, the linear 
functionuls 
cp:B+R, 
of norm not exceeding one correspond precisely to the models of the theory 
[Fn B of linear function& of norm not exceeding one on the seminormed 
space B. 
It must be shown that any model 0 of the theory [Fn B indeed arises 
from a unique linear functional 
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of norm not exceeding one. Before establishing this, it will be convenient to 
prove the following lemma, of which repeated application will be made: 
LEMMA. For any a E B, one has that 
aE (r, s’) A aE(r’, s) FaE (r’, s’) whenever r -c r’ and s’ -c s 
is provable in the theory lFn B. 
To prove this intuitively reasonable assertion, observe firstly that, by the 
decidability of the rationals Q, in the topos IE, one has that either s’ < r’, 
in which case the intervals considered are disjoint, or r’ < s’, in which case 
there is an overlap. In the first of these cases, one argues by an extension 
of the remark after the definition of the theory [Fn B to show that 
a E (r, s’) A a E (r’, s) 
is provably false, as is then required. Indeed applying (F3) and (FS), one 
deduces that 
OE(r-s,s’-r’), 
which is provably false by (F2) given that r’c s’ is false. 
Conversely, consider the situation in which r’ < s’, in which case one may 
choose p, q satisfying 
r<r’<p<q<s’<s. 
Observing that 
aE(r,s’)t-aE(r,p)vaE(r’,s’) 
and 
a E (r’, s) k a E (r’, s’) v a E (q, s) 
are then provable by (F6), one may conclude that 
a E (r, s’) h a E (r’, s) k a E (r’, s’) 
is provable in the theory IFn B, by taking the conjunction of these 
entailments on both sides, allowing conjunction to distribute over disjunc- 
tion, and noting that 
by the first part of the proof, which establishes the lemma. 
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Returning to the proof of the theorem, it must be shown firstly that any 
model Q, of the theory IFn B assigns to each a E B a Dedekind real q(a) E R, 
by defining its lower and upper cuts to consist, respectively, of those 
Y, s E Q, for which there exist r’, s’ E Q, such that the propositions 
a E (r, s’) and a E (r’, s) 
are validated in the model. That this determines a Dedekind real may be 
verified by checking the axioms describing the lower and upper cuts of a 
Dedekind real in the topos E. It may be seen that (Dl) follows directly 
from (F4) and (F7), and that (F8) similarly yields (D2). To show that 
(D3) is satisfied, observe that if r, SE QE lie, respectively, in the lower and 
upper cuts defined, then one may choose r’, S’ E QE for which a E (r, s’) and 
a E (r’, s) are validated in the model. Then, since r < r’ and s’ < s may be 
assumed by the remark made earlier, one may conclude that r < s from the 
lemma, since 
a l (r’, s’) 
must be validated in the model, implying that r < r’ <s’ <s, again by the 
earlier remark. Finally, to verify (D4), given r < s in Q,, one may choose 
a positive rational t such that the proposition 
ae(-t, t) 
is validated in the model, by (F7) and (F4). Furthermore, by (F8) it may 
be assumed that 
again applying the decidability of QE. Then, an application of (F6) implies 
that 
ae(-t,s) v  aE(r, t) 
is validated in the model. From this may be concluded that r E Q, lies in 
the lower cut or s E Q, lies in the upper cut determined by a E B. Hence, the 
axiom (D4) is satisfied, establishing that q(a) E [w, for each a~ B, and 
yielding the mapping 
determined by the model of the theory [Fn B. 
It is now entirely straightforward to check that this is indeed a linear 
functional on the seminormed space B, of norm not exceeding one. The 
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case of the additivity of the mapping is the only part of the proof which is 
not entirely straightforward, being argued in the following manner. Given 
any a, a’ E B, one may see that 
da + a’) G da) + da’) 
by observing that, for any t E Q E with 
da) + da’) < 2, 
there exist S, s’ E Q, for which q(a) <s, q(a’) <s’, and s + s’ < t. Hence, 
there exist r, r’ E Q, for which 
a’ E (r’, s’) 
are validated. Then, by (F5), one has that 
a + a’ l (r + r’, s + s’) 
is validated, whence 
cp(a + a’) <s + s’ < t, 
establishing the required inequality. However, since it may be shown 
straightforwardly that 
cp( -a) = -da), 
for any a E B, by making appropriate use of (F3), it then follows that 
cp(a + a’) = cp(a) + da’), 
by considering a + a’ E B and -a’ E B in the inequality already established. 
Finally, the linear mapping concerned necessarily has norm not exceeding 
one, since, by (F7), one has that 
-l<cp(a)<l 
whenever a E N( 1). In this way, any model of the theory 5n B determines 
canonically a linear functional on B of norm not exceeding one. 
Since it is evident that, beginning with a model of the theory, the model 
obtained from the functional which it determines will be the same, it 
remains only to prove the converse: that any functional is determined by 
the model which it defines. Given a linear functional 
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of norm not exceeding one, consider the linear functional 
q’: B-R, 
defined by assigning to each a E B the Dedekind real obtained by taking, 
respectively, those r, s E Q E for which there exist T’j s’ E Q, such that 
rcq(a)<s’ and r’ < q(u) KS. 
To show that this is exactly the Dedekind real cp(a)~ R,, it is only 
necessary to show that 
for such r, s E Q r, which is evidently the case. The correspondence between 
linear functionals on B of norm not exceeding one and models of theory 
lFn B is therefore bijective, establishing the theorem. 
This identification of the linear functionals on B of norm not exceeding 
one with the models of the theory [Fn B may be extended canonically to the 
topological spaces to which each gives rise. Consider then the topological 
space 
Points( Fn B) 
obtained by taking the points of the locale Fn B together with the topology 
determined by the locale. Observing that the points are exactly the models 
of the theory IFn B, a subbase of open subsets for the topology on 
Points(Fn B) consists of all models which validate the primitive proposi- 
tion 
for each UE B and each pair r, s of rationals. Identifying the models with 
the linear functionals of norm not exceeding one on the seminormed space 
B, one observes that each open subset of this kind corresponds to the 
subbasic open subset of the weak* topology of the unit ball of the dual 
space of B, given by all those linear functionals satisfying 
which allows one to state the following: 
COROLLARY. For any seminormed space B in a topos E, the topological 
space 
Points( Fn B) 
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is isometrically isomorphic to the unit ball of the dual space B* in the weak* 
topology. 
The correspondence between points of Fn B and linear functionals in the 
unit ball of B* evidently establishes a homeomorphism of these spaces by 
the above remarks. It remains to show that this preserves the linear and 
seminormed structure which each inherits, respectively, from the dual 
locale Fn B and from the dual space B*. It is straightforward to show that 
the locale Fn B has a linear structure given by the operations of mean, 
negation, and zero, and of scalar multiplication by rationals in the unit 
interval, all of which can be internalised in the category of locales. Taking 
points of the locale Fn B yields operations which are equivalent under the 
above correspondence to those on the unit bail of the dual space. 
Finally, the seminormed structure which exists on Fn B also translates 
isometrically along the isomorphism between Points(Fn B) and the unit 
ball of the dual space. On the locale Fn B, this seminorm is actually 
described in terms of a conorm A *, by which is meant that we are describ- 
ing the open complements of open balls, which will be referred to as open 
coballs. The motivation for this, observed in many other situations of this 
kind [ 121, is that, while the open coballs are indeed open subsets in the 
weak* topology, the open balls of the dual space B* generally are open 
only in the norm topology, rather than in the weak* topology. Briefly, the 
conorm A* on the locale Fn B is defined by taking 
A*(q)= V acA(q) 
CZEN(I) 
for each positive rational q, in which a E A(q) denotes the proposition 
V aE(--r,-q) v aE(q,r) 
q<r 
for any a E B. Evidently, the open subset of Points(Fn B) which this deter- 
mines is exactly that of all linear functionals in the unit ball of the dual 
space of which the norm exceeds q, giving that the isomorphism is indeed 
valid, which completes the proof. 
It may be remarked that the complex case may be dealt with almost 
without any change except in notation. Given a seminormed space B over 
the field of complex rationals in the topos E, one may consider the 
following: 
DEFINITION. By the theory of complex linear functionals of norm not 
exceeding one on the seminormed space B in a topos E is meant the 
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propositional geometrical theory [Fn B obtained by taking a primitive 
proposition 
a E (r, s) 
for each a E B and each pair r, s of complex rationals, together with the 
following axioms: 
W 1’ 
WI’ 
(F3)’ 
(F4)’ 
(F5)’ 
u-4)’ 
(F7)’ 
WI 
true k 0 E (r, s) whenever 0 E (r, s); 
0 E (r, s) FffaLse otherwise; 
a e (r, s) /- --a e (-s, -r); 
aE(r,s) /--ttae(tr, rs) whenever t~o;S$, 
and ue(r,s) kiuEi(r,s); 
a E (r, s) A a’ E (r’, s’) t a + a’ E (r + r’, s + s’); 
a E (r, s) k a E (IA 4) v a E W, 4’) 
whenever (r, s) 4 (A q) v (P’, q’); 
true ~uE(-1, 1) whenever urn; 
a E (r, s) H Vtrf.sIJ a tr,Sj a E (r’, ~‘1. 
Intuitively, one should think of the primitive proposition 
as being the assertion about a linear functional 
of norm not exceeding one that q(u) lies in the rectangle of R, x R! E given 
by the corners (ro, rl), (r,,, si), (so, si), (so, rl), where r= r,+ ir, and s= 
s0 + is,. It may be remarked that the symbol U contained in certain of the 
axioms is used to denote that one rational interval is strictly contained in 
another, which relationship may, of course, be expressed in terms of the 
order relation on the rationals, which is decidable. It will be seen shortly 
that this is a particular instance of a relationship which may be introduced 
in any locale, namely of one open subset having its closure contained in 
another. 
We conclude this section with an examination of the theory lFn B in the 
case of a non-zero seminormed space whose space of functionals is zero. 
EXAMPLE. Consider again the category Sh(X), where X is the Sierpinski 
space. As we saw in the discussion of this topos in the second section, the 
dual space of any element (B,, B,, f) in Sh(X) is (B:, B:, l), and hence 
zero whenever B2 is zero. Thus, no information concerning (B, , B,, f) can 
hope to be gained from its dual space. 
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It will be seen later that the dual locale of B is much more successful in 
retaining the information concerning B that the space B* may lose since it 
is instrumental in providing an embedding of B into a space of functionals. 
A particular consequence of this is that the locale generated by the theory 
[Fn B cannot be trivial if B is non-trivial. For example, if B = (W, 0, 0), 
where R here denotes the ordinary reals, then Fn B can be seen to be 
isomorphic to the locale generated by x E (r, s), x E R, r, s E Q +, where 
true t-- x E (r, s) 
if and only if r < 0 < s A r < x < S. One can easily verify directly that 
Points(Fn B) is (0) since the definition of the unique model F: Fn B -+ 1, 
which clearly corresponds to the zero linear functional on B, is forced by 
the above axiom. 
5. ALAOGLU'S THEOREM 
In classical analysis, a seminormed space is equipped not only with its 
seminormed topological structure, but also with the weak topologies 
obtained by making certain of its linear functionals continuous. On the 
dual space a particularly important topology is the weak* topology, the 
coarsest topology in which the linear functionals derived from the embedd- 
ing of the original space into its double dual are continuous. The most 
important single property of the weak* topology is the fact, known as 
Alaoglu’s theorem, that the unit ball of the dual space is compact in this 
topology. Thus, despite the fact that Alaoglu’s theorem requires the Axiom 
of Choice (more precisely, Tychonolf’s theorem), it is natural, in view of 
our result that the space of points of the dual locale is isomorphic to the 
unit ball of the dual space with its weak* topology, to hope for a similar 
compactness result for the dual locale. Immediately we see, however, that 
the consideration of locales rather than topological spaces brings with it 
the need to extend the relevant topological concepts into this context. The 
minimum requirements would be to have concepts of compactness and 
some separation properties for a locale [ 3, 30, 311. 
DEFINITION. A locale L is said to be compact provided that for any 
family (ai)i, I of elements of L with Vie, ai = 1 there exists a finite 
subfamily with ai, v ... v ain = 1. 
The notion of Hausdorffness, on the other hand, needs closer examina- 
tion since clearly it cannot be phrased in a way which refers to points. A 
way out of this dilemma is to capture the essence of this property in the 
presence of compactness, where, at least in the case of sober spaces, it is 
equivalent to regularity. 
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DEFINITION. A locale L is said to be regular provided that any b E L is 
the join of those a EL which are rather below b E L, written a 4 b, in the 
sense that there exists c E L such that a A c = 0 and c v b = 1. 
For a topological space this expresses simply that regularity is equivalent 
to the property that any open subset is the union of open subsets whose 
closures are contained in it. Finally, 
DEFINITION. A locale L is said to be completely regular if each be L is 
the join of those a EL which are completely below b EL, where a is said to 
be completely below b, written a aa b, provided that there exists an inter- 
polation dik E L, for i = 0, 1, . . . . and k = 0, 1, . . . . 2’, dependent on i, such that 
(i) d, = a and d,, = b; 
(ii) 4 a drk+,; 
(iii) dik = di+, Zk, 
for all appropriate i, k. 
It may be remarked that, whereas classically in the presence of compact- 
ness the concepts of regularity and of complete regularity coincide, within 
the constructive context of a topos these are distinct. Although the com- 
pactness of a locale L allows one to prove that the rather below relation 
a 4 b for a, b E L interpolates, in the sense that there exists de L such that 
aadab, 
the presence of countable dependent choice is needed to ensure that this 
may be iterated to construct the interpolation required to conclude that the 
completely below relation a 4Cl b is satisfied. It follows that, at least 
constructively, the property of compact, complete regularity for a locale L 
is stronger than that of compact regularity. 
Alaoglu’s theorem in the current context may now be proved in the 
following form: 
THEOREM 3. For any seminormed space B in a topos E, the dual locale 
Fn B is a compact, completely regular locale. 
To establish the complete regularity of Fn B, we firstly observe that since 
each element of the locale may be expressed in the form 
V al E (r 1, sl) A ... A a,E (rn, s,) 
and since the completely below relation distributes over finite conjunctions, 
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it suffices to show that each proposition a~ (r, s) is the join of elements 
completely below it. But by axiom (F8), u E (r, S) is provably equivalent to 
V a E (r’, s’ ). r<r’<s’<.s 
So, by establishing that 
a E (r’, s’) 4Q a E (r, s) whenever r < r’ -c s’ < s, 
we shall have accomplished our goal. In fact we note that we need only 
prove that 
uE(r’, s’) U uE(r, s) whenever r < rr < s’ c s, 
since an interpolation indexed by i, k can then be obtained to show that 
a E (r’, s’) 44 a E (r, S) by defining 
rjk = (k/2’)r + (1 - (k/2’))r’ 
Sjk = (k/2’)s + (1 - (k/2’))S’ 
and letting the i, kth element of the interpolation be a E (rik, sik) for each 
i=o, 1, . . . and k = 0, 1, . . . . 2’. 
To prove this assertion involving the rather below relation, let 
r < r’ < s’ < s be given, and choose a positive rational t such that a E N(t). 
Evidently, it may be assumed that - t < r and s < t. Then it is asserted that 
the proposition 
a E ( -I, r’) v a E (s’, t) 
plays the role of the element of the locale required in proving that 
a E (r’, s’) 4 a E (r, s). 
Firstly, its conjunction with a E (r’, s’) is provably false, by observing that 
uE(r’,s’) A UE(S’, t) t-false, 
by the lemma of the preceding section and the remark which preceded it. 
Equally, one has that 
uE(-t,r’)huE(r’,s’)t-false, 
yielding the required result. However, on the other hand, one has that the 
disjunction of the proposition with a E (r, s) is provably true, by observing 
that 
true kuE(-t, t), 
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by (F7) and (F4), so that (F6) applied successively yields that 
since - t < r < r’ < s’ < s < t, giving the required result. Hence, 
u E (f, ST) a u E tr, S) 
whenever r < r’ c S’ < s. The locale Fn B is therefore completely regular, by 
the preceding remarks. 
In showing that Fn B is compact, we examine the way in which the dual 
locale is obtained: we are given firstly the linitary part of the theory by 
means of axioms (Fl )-(F7) and then an additional inlinitary axiom (F8). 
Consider now the finitary geometric theory I$ B obtained from IFn B by 
replacing (F8) by its finitary half: 
WY a E (r’, s’) k a E (r, s) whenever r < r’ < s’ < s. 
Clearly, the locale Fn,- B obtained from lFnr B, being the lattice of ideals of 
the distributive lattice determined by IFn, B, is compact. Now there is an 
inclusion map of locales 
Fn B-rFnsB, 
of which the inverse image mapping is the canonical homomorphism 
corresponding to adding the axiom 
W3Y aE(r,s) tVr<rp<s,<saE(r’,~‘) 
to the finitary theory. The fact that Fn B is compact will be a consequence 
of showing that Fn B is actually a retract of Fnf B, since any retract of a 
compact locale is again compact. The retraction map 
FnfB+Fn B 
is the map of which the inverse image assigns to each proposition a E (r, s) 
the proposition V, < rl < JI < 5 a E (r’, 3’). 
Evidently, if this is indeed a map of locales, then it provides a retraction 
of the inclusion 
Fn B+Fn,.B, 
for the inverse image of any element of Fn B of the form a E (r, S) under its 
composite with the retraction is exactly V,,,, <SI <s a E (r’, s’). But, in the 
locale Fn B this is equal to the element u E (r, s), since these are provably 
equivalent in the theory [Fn B by axiom (F8). 
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To see that this assignment does determine a map of locales, it is only 
necessary to prove that each axiom of the theory IFn B is validated in the 
locale Fnf B when a E (r, S) is interpreted by V, < rl < SI f s a E (r’, s’). That the 
calculations involved are straightforward will be shown by giving the 
verification for the axiom (FS), given by 
a E (Y, s) A a’ E (Y’, s’) 1 a + a’ E (Y + r’, s + 3’). 
After interpretation along the assignment of V, < rI < SI <s a E (Y’, s’) for 
a E (r, s), it must be shown that 
V aE(P,q)Aa’E(P’,q’)t- v a + a’ E (24, u) r<p<q<s r+r’<u<u<s+s’ 
IS < pj < qP -c sf 
is provable in the linitary theory lFnf B. For this, it suffices to show that 
aE(p,q) AU’E(P’,Q’) !- v UfU’E(U, u)r+r’<u<v<s+s’ 
whenever r < p<q<s and r’<p’<q’<s’. But by applying (F5) in the 
theory lFnf B, one has that 
QE(P, 4) A U’ECP’, 4’) l-a+a’E(P+P’, 4+4’), 
and, of course, r+r’<p+ p’<q+q’<s+s’, from which the result 
follows. The other axioms of the theory IFn B are verified similarly. 
The locale Fn B is therefore compact, being a retract of the compact 
locale Fnf B, which completes the proof that Fn B is compact and com- 
pletely regular. 
Taking into account the result that every compact regular locale is 
spatial in the case that E satisfies the Axiom of Choice [3], for example, 
if E is the topos of sheaves on a complete Boolean algebra, we may state 
the following: 
COROLLARY. For any seminormed space B in a topos E in which the 
Axiom of Choice is satisfied, the dual locale Fn B is canonically isomorphic 
to the weak* topology of the unit bull of the dual space B* of B. In 
particular, the unit bull of the dual space is a compact Huusdorff space. 
It must perhaps be emphasised at this point that, in a topos E in general, 
it will neither be the case that the dual locale is actually spatial nor that 
the unit ball of the dual space is compact and Hausdorff. 
EXAMPLE. Consider a Grothendieck topos [E in which the unit interval 
of the topological space R, of Dedekind reals is not compact [19]. Then, 
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since the seminormed space R, is self-dual in IE, and the weak* topology 
may be identified with the classical topology on R,, one has that the unit 
ball of the dual space of R, is not compact, and that the dual locale Fn R, 
is therefore not spatial. 
This failure of the Alaoglu theorem for the unit ball of the dual space is 
one reason why the dual locale must take its place in this constructive con- 
text. A more serious consideration is one to which we have already alluded: 
namely, that the dual space may be zero even when the seminormed space 
concerned is not the zero space. 
6. THE HAHN-BANACH THEOREM 
The Hahn-Banach theorem states classically that any bounded linear 
functional on a subspace A of a seminormed space B may be extended to 
the space B without increasing its norm. This is then equivalent to stating 
that restricting a functional on the seminormed space B to a functional on 
the subspace A yields a quotient map from the unit ball of the dual space 
of B to that of the dual space of the subspace A. 
For any subspace A of a seminormed space B one may consider the map 
of locales 
Fn B+FnA, 
obtained by taking its inverse image mapping to be that which assigns to 
each proposition a E (r, S) of the theory IFn A the proposition a E (r, S) of 
the theory [Fn B, given by considering the element a E A of the subspace to 
be an element a E B of the seminormed space B. It may be recalled that a 
map of locales is said to be a quotient map provided that its inverse image 
mapping is injective, which is equivalent to its reflecting the order relation 
of the locales concerned. 
The Hahn-Banach theorem may then be stated in the following form: 
THEOREM 4. For any subspace A of a seminormed space B in a Grothen- 
dieck topos E, the canonical map 
FnB+FnA 
is a quotient map of locales. 
Considering the assertion of the theorem from a topological viewpoint, 
it may be remarked that it is equivalent to the Hahn-Banach theorem in 
its classical form in the case that the topos IE satisfies the Axiom of Choice. 
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For in that case, by the Corollary to the Alaoglu theorem of the preceding 
section, the map of locales 
FnB+FnA 
is actually given by the canonical mapping of the unit balls of the dual 
spaces, in view of the compact, complete regularity of the locales concer- 
ned. This mapping is exactly that which assigns to each linear functional of 
norm < 1 on the seminormed space B its restriction to the subspace A. 
Hence, the assertion that this is a quotient map yields the existence of 
an extension of any linear functional on A to a linear functional on the 
seminormed space B. 
Regarding the theorem instead from a logical viewpoint, it is clear that 
the import of the assertion is that the extension of the theory of functionals 
on the subspace A to that on the seminormed space B is actually cunser- 
uatiue: that is, that any entailment involving propositions of the theory 
[Fn A which is provable in the theory lFn B is already provable in the theory 
IFn A. In other words, no more may be proved about the subspace A in 
terms of functionals on the seminormed space B than may already be 
proved by considering only functionals on the subspace A. This is exactly 
the intuitive content which the Hahn-Banach theorem normally brings to 
functional analysis. 
Before proving the theorem we need to introduce some of the concepts 
which will be involved in what is essentially a geometric approach to 
reducing the theorem in a Grothendieck topos to a situation in which the 
classical Hahn-Banach theorem may be applied. It may be recalled that a 
geometric morphism 
of Grothendieck toposes is given by an inverse image functor 
preserving finite limits and arbitrary colimits. It follows that the functor is 
a left exact left adjoint to a direct image functor 
Cl!*: lF+lE. 
The theorem will actually be proved by considering the geometric 
morphism 
of the toposes of E-valued sheaves on the locales concerned. In particular, 
42 MULVEY AND PELLETIER 
any locale in the topos E determines a topos of sheaves by means of a con- 
struction generalising that of the category of sheaves on a topological space 
in the category of sets. The topos IFn B of sheaves on the locale Fn B is 
called the classifying topos of the theory iFn B, characterised by the 
property that the models of the theory in any topos IF correspond bijec- 
tively to the geometric morphisms from [F into the classifying topos of the 
theory [7,25]. The topos of sheaves on a locale is defined over E in the 
sense of having a canonical geometric morphism into IE. A topos over IE 
defined in this way is said to be localic over E. 
Any map of locales in the topos E determines a geometric morphism 
over IE between the corresponding toposes of sheaves. Thus the geometric 
morphism 
lFnB+FnA 
is that determined by the map of locales 
FnB-+FnA 
in the topos IE. Moreover, it may be shown that a map of locales in the 
topos E is a quotient map exactly if the geometric morphism of toposes of 
sheaves over IE which it determines has the property that its inverse functor 
reflects isomorphisms. It may be remarked that this exactly parallels the 
description of the map of locales 
Fn B-+FnA 
being a quotient map provided that its inverse image mapping reflects 
equality, in the same way that the definition of a geometric morphism of 
toposes in terms of its inverse image functor preserving finite limits and 
arbitrary colimits extends the concept of a map of locales in terms of its 
inverse image mapping preserving finite meets and arbitrary joins. 
More generally, a geometric morphism 
of toposes is said to be a surjection provided that its inverse image functor 
reflects isomorphisms, in which case the geometric morphism is said to 
provide a covering of the topos IE by the topos IF. The Hahn-Banach 
theorem may then be proved by showing that the geometric morphism 
indeed provides a covering of the topos IFn A by the topos IFn B. To estab- 
lish this, the technique which will be introduced relies on the existence of 
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a covering of the topos IE in which the seminormed space is considered by 
a topos E8 in which the Hahn-Banach theorem may more immediately be 
shown to hold: 
DEFINITION. By a Barr covering of a Grothendieck topos E will be 
meant a geometric covering 
of E by a topos B which satisfies the Axiom of Choice. 
It is known that any Grothendieck topos admits a Barr covering [6,25]. 
The instance which has been longest known is that of the Godement couer- 
ing of the topos of sheaves on a topological space X by the topos of sheaves 
on the discretisation Xdis of the topological space [l, 211. It may be 
remarked that, in this case, the topos of sheaves on Xdis consists of a 
product of the category of sets, indexed by the points of the topological 
space X, hence satisfying the Axiom of Choice. The inverse image functor 
determined by the covering mapping 
assigns to each sheaf on the topological space X the family of sets, indexed 
by the points of X, consisting of the stalks of the sheaf. The observation 
that the inverse image functor reflects isomorphisms, hence more generally 
the inclusion of subsheaves, allows assertions about sheaves on a topologi- 
cal space X to be considered instead by arguing with the stalks of the 
sheaves concerned. The Hahn-Banach theorem in the category of sheaves 
on X may, for example, be proved [40] by globalising in this way that 
which applies to each of the seminormed spaces obtained by taking the 
stalks of a seminormed space in the category of sheaves on X The con- 
sideration of the Barr covering of the topos E is what allows this technique 
to be extended to any Grothendieck topos. 
Consider then a Barr covering 
of the Grothendieck topos IE. The inverse image y*B of the seminormed 
space B is again a seminormed space in the Barr cover B, in which one 
may consider the theory ffn y*B of its dual locale. Observe firstly that the 
propositions 
which generate the theory Fn y*B in the topos IEB are indexed by the 
product y*B x Qe x Q, which is the inverse image of the product 
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B x Q, x Q E, which in turn indexes the generating propositions of the 
theory Fn B in the topos IE. Moreover, the axioms of the theory IFn B in the 
topos E are determined by conditions which are also preserved by an 
inverse image functor, implying that the presentation of the theory Fn y*B 
in the topos B is exactly that obtained from that of the theory Fn B by 
applying the inverse image functor, which yields a commutative diagram 
IFn y*B - FnB 
in the category of toposes. That this diagram is actually a pullback in the 
category of toposes and geometric morphisms may be verified directly or 
deduced from more general results by considering the compact, complete 
regularity of the dual locales determining these categories of sheaves in the 
context of the construction of pullbacks in the category of toposes. A 
consequence of this fact, again applying the compact, complete regularity 
of the locale of the theory Fn B, is that the geometric morphism 
Fny*B+FnB 
obtained is actually a covering. Again, this may be proved directly or 
deduced from the observations [27] that the pullback of a surjection along 
the coherent geometric morphism 
determined by the finitary part of the theory is a surjection and that this 
property is inherited by retracting this theory to the theory Fn B. 
Applying the same observations to the theories obtained from the sub- 
space A of the seminormed space B, one obtains another pullback diagram 
Fn y*A - [FnA 
I I 
B -----+E 
Observing that the diagram 
FnB.- FnA 
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arising from the canonical map from the locale Fn B to the locale Fn A is 
commutative, together with a similar observation for the corresponding 
theories in the topos B, the situation may be summarised in the single 
commutative diagram: 
Since the horizontal arrows in the diagram are surjections, one can see that 
the problem of showing that 
[FnB+[FnA 
is indeed a covering may be solved by showing that the corresponding 
morphism over the topos B is again a covering. The commutativity of the 
upper square in the diagram then shows that its composite with the 
morphism from [Fn y*B to IFn B is a surjection, hence that the required 
morphism is also, by cancellation on the left. 
However, considering the geometric morphism 
ffn y*B + IFn y*A 
determined by the canonical map 
Fn y*B -P Fn y*A 
of dual locales in the topos B, one may observe that the fact that I5 satisfies 
the Axiom of Choice yields that this exactly arises from the continuous 
mapping from the unit ball of the dual space of the seminormed space y*B 
to that of the subspace y*A, given by restriction of linear functionals. 
Applying the Hahn-Banach theorem classically in the topos B, in which 
the presence of the Axiom of Choice implies that the logic is entirely 
classical, one obtains that 
Fn y*B + Fn y*A 
is a quotient map of locales, hence that the corresponding morphism of 
toposes of sheaves is indeed a covering. Thus, the geometric morphism 
IFnB+[FnA 
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is also a covering, yielding the Hahn-Banach theorem in the Grothendieck 
topos IE. 
We remark that although the locale Fn B actually embodies the notion 
of the norm-decreasing linear functionals on B, we are able equally well to 
capture the idea of the linear functionals of, say, norm not exceeding the 
rational q, where q < 1. To this end, we define the sublocale Fn B(q) of 
Fn B obtained by replacing axiom (F7) by the axiom 
(F7), true t--a(-q,q) whenever Ann. 
Clearly, the theory [Fn B(q) obtained in this way is that of the linear 
functionals on B of norm not exceeding q; equivalently, it may be thought 
of as the theory of norm-decreasing linear functionals on the space B(q) 
obtained from B by dilating the open balls of B by a factor of l/q. 
Consequently, Fn B(q) is a compact, completely regular locale and for A a 
subspace of B, we have a quotient map 
Fn B(q) --) Fn A(q). 
Similarly, for x E *lR E, 0 <x < 1, we can define Fn B(x) using the axiom 
(F7L true I- Vqcx aE(-q,q) whenever a~N(1) 
and show that 
Fn B(x) + Fn A(x) 
is a quotient of compact, completely regular locales (see [40] for a detailed 
argument). For later use we shall record this fact as the following: 
COROLLARY. For any subspace A of a seminormed space B in a Grothen- 
dieck topos E and any x E *IT!, with 0 Q x < 1, the canonical map 
Fn B(x) --t Fn A(x) 
is a quotient map of locales. 
Of course, it may be observed that the Hahn-Banach theorem proved here 
in any Grothendieck topos may be expected to be provable also in any 
topos, although evidently not by the means introduced in this particular 
situation. In particular, this would imply that the theorem is the constructive 
form of the Hahn-Banach theorem. Certainly, in the case of the category 
of sets, it immediately yields the Hahn-Banach theorem in its classical 
form, since, as has already been remarked, the dual locales concerned are 
then exactly those of the unit balls of the dual spaces. It will also be shown 
that the Hahn-Banach theorem of Burden may be recovered from it, in the 
case of the category of sheaves on a locale. More importantly, the theorem 
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just established allows the normed linear spaces in any topos to which it 
applies to be characterised as being the subspaces of the Banach spaces of 
continuous real functions on compact, completely regular locales in the 
topos, to which we now turn. 
7. THE CANONICAL EMBEDDING 
Of the many contributions which the Hahn-Banach theorem makes to 
the development of the theory of normed linear spaces, there are several 
which depend on the idea of representing each element of the space by the 
functional on its dual given by evaluation at that element. Amongst other 
consequences, the Hahn-Banach theorem classically shows that this assign- 
ment embeds any normed linear space isometrically in the space of 
continuous linear functions on the unit ball of its dual. Evidently, besides 
characterising normed linear spaces in terms of these spaces of continuous 
functions, this observation is also one step along the path which leads to 
the Gelfand representation of a Banach algebra [S]. It is also a conse- 
quence of the Hahn-Banach theorem proven in the present context, albeit 
with the unit ball of the dual replaced by the dual locale, which by 
Alaoglu’s theorem is compact and completely regular. 
For any compact, completely regular locale A4 in a topos IE, one may 
consider the seminormed linear space 
of maps of locales from M into the locale R of reals of EC The observation 
that [w is a linear space in the category of locales in the topos IE yields that 
R(M) is a linear space, on which may be defined a seminorm by assigning 
to each positive rational q the open ball 
N(q) = {fE ww I 3 q’<qf*(-dT 4’) = lM> 
of radius q. This construction is evidently functorial, which together with 
the functoriality of the construction of the dual locale allows one to state 
the following: 
THEOREM 5. For any Grothendieck topos E, the dual locale of any semi- 
normed space and the space of continuous real functions on any compact, 
completely regular locale yield functors 
Seminormed Spaces 2 Compact Completely Regular LocalesoP 
which are adjoint. 
607/89/l-4 
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For each seminormed space B, one considers the mapping 
B+ [W(Fn B) 
which yields for each a E B the map 
of locales which assigns to each rational open interval (v, s) the element 
LIE (r, S) of the locale Fn B. That this indeed determines a map of locales 
for each a E B is seen by verifying that each axiom of the theory Iw of the 
reals becomes provable in the theory ffn B of the dual locale of B. For 
example, it may be seen that the axiom (R3) of Iw becomes exactly the 
axiom (F6) of IFn B under this assignment, while verifying that the axiom 
(RZ) is validated in Fn B entails checking that 
UE (r, s) A UE (r’, s’) t- UE (r v r’, s A s’) 
is provable in the theory IFn B, by an argument analogous to that of the 
Lemma established earlier. Finally, it may be checked straightforwardly 
that the mapping 
B+ IW(Fn B) 
thus obtained is indeed a map of seminormed spaces. 
Now suppose we are given a map 
cp: B--t R(M) 
of seminormed spaces into the space of continuous real functions on a 
compact completely regular locale M. Define a map of locales 
I): M+ Fn B 
by assigning to each proposition a E (r, S) the inverse image q(u)* (r, S) of 
the rational open interval (r, S) along the map of locales 
q(u): A4 + Iw 
assigned to UE B. That this yields a map of locales follows from the obser- 
vations that 
cp: B + R(M) 
is a map of seminormed spaces, that the seminormed space [W(M) has its 
structure determined by that of the locale [w, and that each element 
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q(a) E R(M) is a map of locales. For example, the axiom (F5) is validated 
in the locale A4 as follows: 
v(a)* (r, $1 A da’)* (r’, s’) = (cp(a) x f-da’))* (b-9 s) x (r’, 8’)) 
< (q?(u) x q?(d))* a*(r + r’, s + 5’) 
=(cp(a)+cp(a’))*(r+r’,s+s’) 
=(cp(Lz+u’))* (r+r’,s+s’), 
where IX: R’ x [w --+ R is the map of locales which 
locale R. 
It is now asserted that, firstly, the diagram 
B-----+ R(Fn B) 
defines addition on the 
is commutative, and, secondly, that this is the unique map of locales for 
which this is the case. For, given any element a E B, one has that 
(R(+)(h))* (r, s) = (ci$f)* (r, s) = **ri*(r, s) = $* (ue (r, s)) 
for each rational open interval (r, s). But, since 
$* CUE (r, $1) = v(a)* (r, s), 
by the definition of the map 
II/: M + Fn B, 
one sees firstly that the inverse images of the maps 
FnB”R 
IL 
I/ 
da1 
A4 
of locales agree on each rational open interval (r, s), hence are equal for 
each UE B; and secondly that to have this property the map 
$:M-+FnB 
must assign to each proposition a E (r, S) of the theory IFn B the element of 
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the locale M defined above, hence that this is the unique map of locales for 
which the diagram considered is commutative. This completes the proof of 
the adjointness. 
Concerning the adjunction which has been described, one has the 
following: 
COROLLARY. For any seminormed space B in a Grothendieck topos E, the 
canonical mapping 
B + R(Fn B) 
into the space of continuous real functions on the dual locale is isometric. 
Observe firstly that for any element a E B the map of locales 
lies in the open ball of R(Fn B) of radius q exactly if 
trueI-aE(-q,q) 
is provable in the theory [Fn B, since the condition is evidently equivalent 
to the existence of q’ < q for which the inverse image of ( -q’, q’) along the 
map 6: Fn B + R is equal to the identity element of the locale Fn B. But 
this happens exactly if there exists q’ < q for which 
truekaE(-q’,q’) 
is provable. However, applying axiom (F8) of the theory, this is equivalent 
to 
true t-set-q, 4) 
being provable in IFn B, as asserted. 
The condition for the isometricity of the canonical mapping 
B + R(Fn B) 
is therefore that a E N(q) in the seminormed space B if and only if 
true t a E ( -4, q) is provable in the theory [Fn B of the dual locale. Since 
in one direction this implication is clear, by axioms (F4) and (F7), it 
remains only to show the reverse implication. Again by applying axiom 
(F4), it suffices to prove only the particular case which asserts that 
true +aE(-1, 1) 
being provable in the theory implies that a E N( 1) in the seminormed space. 
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Suppose then that a E B is given, for which 
true kaE(-1,l) 
is provable in [Fn B. Applying the Hahn-Banach theorem to the isometric 
embedding of the subspace A generated by a E B in the seminormed space 
B, one has that 
FnB+FnA 
is a quotient map of locales. Hence, one has that 
truekaE(-1,l) 
is provable in the theory [Fn A. It therefore suffices to prove that this 
implies that a E N( 1) in the case of the seminormed space A generated by 
the element aEA. 
To prove this we once again use a Boolean covering 
y:B+lE 
of the topos IE. Pulling back along y, we have that 
true ky*aE(-1,l) 
is provable in the theory IFn y*A. Since the logic of the Boolean topos is 
classical, the seminorm on y *A may be represented by a mapping 
satisfying the usual conditions for a seminorm. In particular, one must have 
that 
IIY*all < 1 or IIY*all 2 1 
is true. If one assumes that /y*all 2 1, then the linear functional on y*A 
which extends linearly the assignment 
y*at+ 1 
is norm-decreasing, yet fails to map y*a into the open interval (- 1, l), 
contradicting the fact that y*a E (- 1, 1) is provably true in [Fn y*A. One 
concludes therefore that 
IIY*all < 1, 
which implies in turn that aEN(1) in the seminormed space A, by the 
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construction of the seminorm on y*A and the fact that y* is the inverse 
image functor of a covering of the topos E, which completes the proof. 
Also, it may be remarked that the canonical embedding 
B + R(Fn B) 
of any normed space, which results from this isometry, may be seen to 
factor through the subspace of R(Fn B) consisting of all linear functionals 
on Fn B, in which Fn B is given the linear structure considered earlier. This 
may be considered to be the embedding of the normed space B in the space 
of weak* linear functionals on its dual, which is the usual way in which a 
normed space is embedded in its double dual. However, consideration of 
the double dual of a seminormed space in the present context would 
depend on being able to form the dual of the dual locale, which lies outside 
the scope of the present constructions. 
Finally, it may be remarked that the existence of this adjointness 
Seminormed spaces 2 Compact completely regular localesoP 
has allowed an explicit description to be given of the dual locale Fn B in 
the case of a Banach space B in the category Sh(X) of sheaves on a 
compact Hausdorff space X. It is known that the category of Banach spaces 
in Sh(X) is equivalent [39] to the category of Banach spaces over X. 
Explicitly, the equivalence assigns to each Banach space B in Sh(X) the 
Banach space over X whose fibre at each x E X is the Banach libre 
B(x)= lint B(U) 
u 3 .Y 
of the Banach space at XEX. Moreover, it is known that the category of 
compact, completely regular locales in Sh(X) is equivalent to the category 
of compact Hausdorff spaces over X. Again, the equivalence assigns to each 
compact Husdorff space Y + X over X the locale in Sh(X) of which the 
sections over each open subset U E X are the open subsets of the inverse 
image of U along the continuous mapping Y+ X. However, it has been 
shown by Seda [46] that, in the case of a compact Hausdorff space, there 
is an adjointness 
Banach spaces/X 2 Compact Hausdorff spaces/Xop, 
of which the adjoint assigns to any Banach space B over X a compact 
Hausdorff space 
Fn,B+X 
THEiHAHN-BANACHTHEOREM 53 
over X of which the inverse image of each x E X is the unit ball of the dual 
space of the Banach space B(x) in the weak* topology. Observing that the 
adjoint functors described in this case are equivalent to those established 
above in any topos, given the equivalences of categories just noted, one has 
the following: 
COROLLARY. For any Banach space B over a compact Hausdorff space 
X, the dual locale Fn B is canonically isomorphic to the compact Hausdorff 
space over X 
Fn,B+X 
obtained by taking the unit balls of the dual space of the Banach fibres of B 
in the weak* topology. 
8. THE EXTENSION OF FUNCTIONALS 
From the Hahn-Banach theorem in terms of dual locales one may also 
recover that involving the extension of linear *functionals. Indeed, taken 
together with the canonical embedding established in the last section, this 
may then be considered confirmation that one has obtained exactly the 
generalisation of that result needed to overcome the difficulties which 
remained. The theorem which will be proved is that which gives the 
Hahn-Banach theorem of Burden [ 111 in the following generality: 
THEOREM 6. Let A be a subspace of a seminormed space B in the topos 
E of sheaves on a locale. Then any linear *functional on the subspace A may 
be extended 
A-B 
to a linear *functional on B having identical norm. 
The proof again depends on the existence of a particular covering of the 
topos E. Given any topos IE, there exists a covering 
by a topos G in which is satisfied De Morgan’s law: 
true t-- i’p v 7 icp 
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for any predicate cp in the topos. This covering, called the Gleason covering 
of IE, was introduced by Johnstone [28,29] by analogy with the Gleason 
covering of a compact Hausdorff topological space. The topos is constructed 
by taking sheaves on a particular locale in the topos E, namely the 
completion of the Boolean algebra of decidable truth values of LE. It follows 
that, taking IE to be the topos of sheaves on a locale considered in the 
theorem, the topos G obtained is again localic over Sets. 
The significance of the Gleason covering 
in the present context is the following. The fact that De Morgan’s law is 
satisfied implies that the Dedekind reals R, in the topos G are order-com- 
plete, hence coincide with the MacNeille reals *Rc. In fact, this situation 
characterises a topos in which De Morgan’s law is satisfied [26], to which 
we shall need to make reference later. Moreover, the construction of the 
Gleason covering means that the direct image y* Iwo of the reals in G is 
exactly the MacNeille reals *II!, in the topos E. 
Consider then a linear *functional of norm d 1 on a subspace A of a 
seminormed space 3 in the topos E: 
A -B 
Observing that *[WE is exactly y*Ro, this is equivalent to considering a 
linear functional of norm < 1 on the inverse image of ?*A, which is a 
subspace of the seminormed space Y*B in the topos 6, by the adjointness 
of the direct and inverse image functors: 
Y’lA - y*B 
Passing back along the adjointness, it may be seen that the extension of the 
linear *functional in the topos E is equivalent to the extension of the linear 
functional in the Gleason covering of IE. 
Applying the Hahn-Banach theorem to the subspace y*A of the semi- 
normed space y*B in the Grothendieck topos 6, one obtains a quotient 
map 
Fn Y*B + Fn y*A 
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of compact, completely regular locales in G. Extending any linear func- 
tional of norm 6 1 on the subspace y*A to a linear functional of norm < 1 
on the seminormed space y*B is then made possible by the following 
Lemma, established by the present authors in [41]: 
LEMMA. In any topos G which is localic over Sets and in which 
De Morgan’s law is satisfied, any quotient map 
of compact regular locales has the property that any point of the locale M 
may be lifted to a point of the locale L. 
Applying this to the quotient map 
Fn y*B + Fn y*A 
of dual locales in the topos G, the point of the locale Fn y*A which 
corresponds to the linear functional 
may be lifted to a point of the locale Fn y*B, which will correspond to a 
linear functional 
which is the required extension. By the adjointness already considered, this 
provides an extension 
A -B 
of the linear *functional of norm < 1 to a linear *functional of norm < 1 
on the seminormed space B. 
In fact, the methods applied above to extract the Hahn-Banach theorem 
on the extension of linear functionals from the globalised form of the 
theorem may be used to yield other conventional results within this situa- 
tion. Classically, one has the theorem of Gleason which characterises the 
seminormed spaces of continuous real functions which are injective in 
terms of extremally disconnected spaces. To obtain the analogue of this one 
makes the following: 
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DEFINITION. A locale L will be said to be extremally disconnected 
provided that 
a* v a** = 1 
for all a E L. 
It will be recalled that * denotes the operation of pseudo-complementa- 
tion in a locale, from which one sees that this exactly generalises the state- 
ment that any open subset has an open subset for its closure. We remark 
that the construction of the Gleason cover shows it to be a topos of 
sheaves on a compact, extremally disconnected locale. Then one has the 
following: 
COROLLARY. In any topos IE which is defined localically over Sets, one 
has that the space R(M) of continuous real functions on a compact, com- 
pletely regular locale M is injective in the category of seminormed spaces in 
E if A4 is extremally disconnected, 
Before proving this, it may be remarked that by the Stone-Tech compac- 
tilication theorem for locales in any topos E [4], consideration may indeed 
be restricted to the space R(M) for a compact, completely regular locale. 
The space of bounded continuous real functions on any locale is 
isomorphic to that on its Stone-Tech compactilication. 
To prove the corollary, consider firstly a compact, extremally discon- 
nected locale M in the topos LE. Taking sheaves in E on the locale M, 
one obtains a topos M which is again localic over Sets and in which 
De Morgan’s law is satisfied. Hence, R, = *R, and, moreover, 
l.,(R,)= R(M), where 
is the global sections functor. Thus, if we wish to obtain an extension of the 
map 
cp: A -+ R(M) (=n*(&.q)) 
from a subspace A of the seminormed space B to B itself, we can translate 
this situation by adjointness into the problem of extending 
to l*B. The theorem just proved assures us of such an extension, the 
adjoint of which extends cp. 
Now consider any seminormed space B in the topos LE. Taking the topos 
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IFn B of sheaves on the dual locale Fn B of the seminormed space B, one 
may consider its Gleason covering 
y: G -+ [Fn B. 
Denoting by G(Fn B) the compact, extremally disconnected locale in E on 
which the topos G is the topos of sheaves, one obtains a quotient map 
G(Fn B) -+ Fn B 
of compact, completely regular locales in E, and hence an isometric 
mapping 
R(Fn B) + R(G(Fn B)) 
of spaces of continuous real functions. However, the seminormed space 
R(G(Fn B)) is injective because G(Fn B) is extremally disconnected in the 
topos E. Adjoining this to the isometric mapping 
B + R(Fn B), 
one obtains the following: 
COROLLARY. In any localic topos E, the canonical mapping 
B -+ R(G(Fn B)) 
from a seminormed space B into a space of continuous real functions on the 
Gleason cover of its dual locale is an isometric mapping into an injective 
seminormed space. 
Finally, one may obtain a characterisation of those toposes localic over 
Sets in which the Hahn-Banach theorem may be applied in its usual form. 
This is the following: 
COROLLARY. Let E be the topos of sheaves on a locale L. Then every 
linear functional on a subspace of a seminormed space in E has an extension 
if and only tf the locale L is extremally disconnected. 
We remark that the extension condition is equivalent to the injectivity of 
R, in the category of seminormed spaces in E, in which it is known that 
the canonical inclusion 
of the Dedekind reals in the MacNeille reals is an injective envelope. 
Hence, the injectivity of R, is equivalent to this inclusion being an 
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isomorphism. But this happens exactly if De Morgan’s law is satisfied [26] 
in the topos E. Hence, the Hahn-Banach theorem applies naively exactly if 
the locale is extremally disconnected. 
REFERENCES 
1. B. BANASCHEWSKI, Sheaves of Banach spaces, Quaestiones Math. 2 (1977), l-22. 
2. B. BANASCHEWSKI, Extension of invariant linear functionals: Hahn-Banach in the topos 
of M-sets, J. Pure Appl. Algebra 17 (1980), 227-248. 
3. B. BANASCHEWSKI AND C. J. MULVEY, Stone-Tech compactification of locales, I, Houston 
J. Math. 6 (1980), 301-312. 
4. B. BANASCHEWSK~ AND C. J. MULVEY, Stone-Tech compactification of locales, II, J. Pure 
Appl. Algebra 33 (1984), 107-122. 
5. B. BANASCHEWSKI AND C. J. MULVEY, Gelfand duality, to appear. 
6. M. BARR, Toposes without points, J. Pure Appl. Algebra 5 (1974), 265-280. 
7. M. BARR AND C. WELLS, “Toposes, Triples and Theories,” Grundlehren Math. Wiss., 
Vol. 278, Springer-Verlag, New York/Berlin, 1985. 
8. E. A. BISHOP AND D. S. BRIDGES, “Constructive Analysis,” Grundlehren Math. Wiss., 
Vol. 279, Springer-Verlag, New York/Berlin, 1985. 
9. D. S. BRIDGES, “Constructive Functional Analysis,” Research Notes in Mathematics, 
Vol. 28, Pitman, London/San Francisco/Melbourne, 1979. 
10. C. W. BURDEN, “Normed and Banach Spaces in Categories of Sheaves,” D.Phil. Thesis, 
University of Sussex, 1978. 
11. C. W. BURDEN, The Hahn-Banach theorem in a category of sheaves, J. Pure Appl. 
Algebra 17 (1980), 25-34. 
12. C. W. BURDEN AND C. J. MULVEY, Banach spaces in categories of sheaves, in Lecture 
Notes in Math., Vol. 753, pp. 169-196, Springer-Verlag, New York/Berlin, 1979. 
13. M. Cosr~, Logique du premier ordre dans les topos Climentaires, in “Seminaire Benabou, 
University Paris-Nord, 1973.” 
14. M. COSTE, Logique d’ordre sup&rieur dans les topos &mentaires, in “Seminaire Bbnabou, 
University Paris-Nord, 1974.” 
15. J. DIXMIER AND A. DOUADY, Champs continus d’espaces hilbertiens et de C*-algtbres, 
Bull. Sot. Math. France 91 (1963), 227-284. 
16. C. H. DOWKER AND D. PAPERT, Quotient frames and subspaces, Proc. London Math. Sot. 
16 (1966), 275-96. 
17. C. ERHRESMANN, Gattungen von lokalen Strukturen, Jber. Deutsch. Math.-Verein. 60 
(1957). 59-77. 
18. M. P. FOURMAN AND R. J. GRAYSON, Formal spaces, in “Proceedings, Brouwer Centenary 
Conf.,” pp. 107-122, North-Holland, Amsterdam, 1982. 
19. M. P. FOURMAN AND J. M. E. HYLAND, Sheaf models for analysis, in Lecture Notes in 
Math., Vol. 753, pp. 280-301, Springer-Verlag, New York/Berlin, 1979. 
20. G. GIERZ, “Bundles of Topological Vector Spaces and their Duality,” Lecture Notes in 
Math., Vol. 955, Springer-Verlag, New York/Berlin, 1982. 
21. R. GODEMENT, “Topologie Algtbrique et Thtorie des Faisceaux,” Pub]. Inst. Math. Univ. 
Strasbourg, XIII, Hermann, Paris, 1958. 
22. A. GROTHENDIECK AND J. L. VERDIER, “Theorie des Topos” (SGA 4, Exposbs I-VI, 
196344), 2nd ed., Lecture Notes in Math., Vols. 269-270, Springer-Verlag, New York/ 
Berlin, 1972. 
23. J. M. E. HYLAND, Function spaces in the category of locales, in “Lecture Notes in Math.,” 
Vol. 871, pp. 264-281, Springer-Verlag, New York/Berlin, 1981. 
THE HAHN-BANACH THEOREM 59 
24. J. ISBELL, Atomless parts of spaces, Muth. &and. 31 (1972), S-32. 
25. P. T. JOHNSTONE, “Topos Theory,” London Math. Sot. Monographs, Vol. 10, Academic 
Press, London/New York/San Francisco, 1977. 
26. P. T. JOHNSTONE, Conditions relating to De Morgan’s Law, Lecture Notes in Math., Vol. 
753, pp. 4799491, Springer-Verlag, New York/Berlin, 1979. 
27. P. T. JOHNSTONE, Factorization and pullback theorems for locahc geometric morphisms, 
in “S&m. de Math. Pure,” Rapport No. 79, Universite Cath. de Louvain, 1979. 
28. P. T. JOHNSTONE, The Gleason cover of a topos, I, J. Pure Appl. Algebra 19 (1980) 
171-192. 
29. P. T. JOHNSTONE, The Gleason cover of a topos, II, J. Pure Appl. Algebra 22 (1981), 
229-247. 
30. P. T. JOHNSTONE, Tychonoff’s theorem without the axiom of choice, Fund. Math. 113 
(1981), 21-35. 
31. P. T. JOHNSTONE, “Stone Spaces,” Cambridge Stud. Adv. Math., Vol. 3, Cambridge Univ. 
Press, London/New York, 1982. 
32. A. JOYAL AND M. TIERNEY, An extension of the Galois theory of Grothendieck, Mem. 
Amer. Mafh. Sot. 309 (1984). 
33. A. T. LAU, Extension of invariant linear functionals: A sequel to Fan’s paper, Proc. Amer. 
Math. Sot. 63 (1977), 259-262. 
34. F. W. LAWVERE, Quantitiers and sheaves, in “Actes du Congres International des Mathe- 
maticiens, Nice, 1970,” pp. 329-334. 
35. W. MITCHELL, Boolean topoi and the theory of sets, J. Pure Appl. Algebra 2 (1972), 
261-274. 
36. C. J. MULVEY, Intuitionistic algebra and representations of rings, Mem. Amer. Math. Sot. 
148 (1974), 3-57. 
37. C. J. MULVEY, A syntactic construction of the spectrum of a commutative ring, in 
“Tagungsbericht of Oberwolfach Category Meeting, 1974.” 
38. C. J. MULVEY, A syntactic construction of the spectrum of a commutative C*-algebra 
with identity, in “Tagungsbericht of Oberwolfach Category Meeting, 1977.” 
39. C. J. MULVEY, Banach sheaves, J. Pure Appl. Algebra 17 (1980), 68-83. 
40. C. J. MULVEY AND J. WICK PELLETIER, The dual locale of a seminonned space, Cahiers 
Topologie Gt?om. Diffkrentielle 23 (1982). 73-92. 
41. C. J. MULVEY AND J. WICK PELLETIER, On the points of locales in a De Morgan topos, 
in “Proc. of the International Conf. on Categorical Topology, Univ. of Toledo, 1983,” 
pp. 392407, Heldermann Verlag, Berlin, 1984. 
42. G. Osrus, Logical and set-theoretical tools in elementary topoi, Lecture Notes in Math., 
Vol. 445, pp. 297-346, Springer-Verlag, New York/Berlin, 1975. 
43. D. PINCUS, Independence of the Prime Ideal Theorem from the Hahn-Banach theorem, 
Bull. Amer. Math. Sot. 78 (1972), 766770. 
44. D. PRAWITZ, “Natural Deduction,” Almqvist & Wikselis, Stockholm, 1965. 
45. H. RUBIN AND D. S. SCOTT, Some topological theorems equivalent to the Boolean Prime 
Ideal Theorem, Bull. Amer. Math. Sot. 60 (1954), 389. 
46. A. K. SEDA, On the categories Sp(X) and Ban(X), Cahiers Topologie G&om. D$f&entiel/e 
24 (1983), 97-112. 
47. J. STAPLES, On constructive fields, Proc. London Math. Sot. 23 (1971), 753-768. 
48. M. TIERNEY, Axiomatic sheaf theory: Some constructions and applications, in “Proc. 
CIME Conference on Categories and Commutative Algebra, Varenna, 1971,” Edizioni 
Cremonese, 1973, pp. 249-326. 
49. D. VAN DALEN, “Logic and Structure,” Springer-Verlag, Berlin/Heidelberg/New York/ 
Tokyo, 1983. 
